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∑
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NP complete problem.

 time algorithm due to Bellman.O(nt)

Randomized  time algorithm due to [Jin & Wu,Bringmann]. Õ(n + t)
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Introduction
Subset product problem (SPROD) - Given , decide 
whether there exist  such that

a1, …, an, t ∈ Z≥0
S ⊆ [n]

∏
i∈S

ai = t

NP-complete problem.  time algorithm due to Bellman.O(nt)

Randomized  time algorithm? Õ(n + t)

- Simply take log? But won’t work :(



 algorithm for SSUMÕ(n + t)
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Given , decide whether there exist  such thata1, …, an, t ∈ Z≥0 S ⊆ [n]



 algorithm for SSUMÕ(n + t)
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∑
i∈S

ai = t

Consider

f(x) = ∏
i∈[n]

(1 + xai)

Claim:- (a1, …, an, t) ∈ SSUM ⟺ coeff( f, xt) ≠ 0

f(x) = 1 + xa1 + … + xan + xa1+a2 + xa1+a3 + … + xa1+a2+…+an



Randomized  time 
algorithm for SPROD
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Theorem:- There is an  algorithm for SimulSSUM.Õ(kn + ∏
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(2tj + 1))

∏
i∈S

ai = t ⟺ ∏
j

p ∑i eij
j = ∏

j
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j ⟺ ∑

i∈S

eij = tj, ∀j

 is the number of prime factors in . Therefore, .k t k = O(log(t))

. Therefore, .t = ∏
j

ptj
j tj ≤ log(t)

Time to compute  is . Solving SimulSSUM takes .eij, tj Õ(t) Õ(n + t)

By considering , we show .k = O(log(t)/log log(t)) Õ(n + to(1))
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∏
i∈S
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Let  and . Then, ai = ∏
j

peij
j t = ∏

j

ptj
j

∏
i∈S

ai = t ⟺ ∑
i∈S

eij = tj, ∀j

Is it necessary that ’s need to be prime?pj

No. Coprimality suffices! 
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SPROD to SimulSSUM
Given , find  such thata1, …, an ∈ Z≥0 P ⊂ ℕ

• Elements of  are pairwise coprime.P

• There is a non-trivial factor ( ) of some  in .≠ 1 ai P

• All  can be uniquely expressed in-terms of elements of .ai P

For example. Consider (6, 30, 77). Then a possible  is (6, 5, 77).P

- 6 = gcd(6, 30) and is coprime to 77

- Since 6 | 30, we consider 5 and our list reduces to (5,77)

- Since 5 and 77 are coprime, return as it is.
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Given , find a pseudo-prime factor set  for .a1, …, an ∈ Z≥0 P ⊂ ℕ (a1, …, an)

Lemma 1: If  is co-prime to  and  is a pseudo-prime factor set of 
, then    is a pseudo-prime factor set of .
a1 a2, a3, …, an P′￼

(a2, …, an) {a1} ∪ P′￼ (a1, …, an)

Lemma 2: Let  be a factor of some prime . Set , i.e.,  is not divisible by . 
Then, a pseudo-prime factor set of  is also the same for .

g ai bi = ai//g bi g
(g, b1, …, bn) (a1, …, an)

In lemma 1, the size of the set decreases by 1.

In lemma 2, let . Then, . Worst case scenario is 
. 

g = gcd(a1, a2) 2 ≤ g ≤ a1/2
(2,a1/2,a2/2,a3, …, an)
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Suppose we are given a SimulSSUM with , i.e., k = 2

(a1, …, an, t)

(b1, …, bn, s)

Let  be a large constant. Then,λ

(λa1 + b1, λa2 + b2, …, λan + bn, λt + s)

If .∑
i∈S

ai = t, ∑
i∈S

bi = s ⟹ ∑
i∈S

λai + b1 = λt + s
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Suppose we are given a SSUM, i.e., 

(a1, …, an, t)

Consider the SimulSSUM instance

(a1, a2, …, an, t)

(1, 0,…,0
n−1

, b)

Claim:- If SSUM is YES, then SimulSSUM is YES for either  or .b = 0 b = 1

Claim:-If SSUM is NO, then SimulSSUM is NO for both  and .b = 0 b = 1
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Conclusion
• We saw an  time algorithm for SPROD.Õ(n + to(1))

• We saw an  time algorithm for SimulSSUM.Õ(kn + ∏
j

(2tj + 1))

• Polynomial time reduction from SPROD to SimulSSUM and SimulSSUM to 
SSUM

• Can we improve the time complexity for SimulSSUM to ?Õ(kn + ∏
j

tj)

• Hardness of SimulSSUM for ?k = ω(log(n))



Thank You!


