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Abstract. In this paper, we investigate some “good” bases of lattices in
which the shortest vector problem and the closest vector problems may
be easy to solve. Our focus remains primarily on Zn. The motivation
behind studying such bases for Zn is to find better algorithms for the
Zn-isomorphism problem which is known to be in NP ∩ Co-NP.
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1 Introduction

A lattice is a discrete subgroup of the additive group of Rn. It can
be expressed as all the integer linear combinations of a set of linearly
independent vectors, i.e., L(B) = {

∑
i αibi|αi ∈ Z}. The lattice Zn

is L({e1, . . . , en}), where ei are orthogonal unit vectors. Lattices have
been extensively used in computational number theory, cryptanalysis
and building post-quantum cryptosystems. Such cryptosystems are built
on the hardness of the Shortest-Vector problem (CVP) and Closest Vec-
tor problem (CVP) which are NP-hard. Zn lattice is the simplest lattice
with interesting properties such as existence of an orthonormal basis, the
shortest vector has unit norm, CVP can be solved in polynomial time,
etc. One of the most interesting problems related to the Zn lattice is the
Zn-isomorphism problem which asks whether a given lattice L is isomor-
phic to Zn. Similar to Graph-Isomorphism problem, it is still unknown
whether there exists a polynomial time algorithm for Zn isomorphism. A
trivial solution to this problem is to check whether L has an orthonormal
basis. This motivated us to study various bases of Zn.

Prior works

There has been numerous work on the study of bases for general lattices.
The Korkin-Zolotarev bases are bases with a variety of “good” properties
[1] but computing such bases takes super-exponential time [2]. The LLL
bases [3] can be computed in polynomial time but the vectors in the bases
have norms that are exponentially larger than the shortest vectors. In [4],
the author gave a hierarchy of polynomial time lattice basis reduction
algorithms that stretch from LLL to Korkine–Zolotareff.
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The generalisation of Zn isomorphism problem is the lattice isomorphism
problem which asks whether two given lattices are isomorphic to each
other or not. Haviv and Regev [5] gave an exponential time algorithm
to solve this problem. Hunkenschroder [6] shows that Zn isomorhpism
is in NP ∩ Co-NP. Lenstra and Silverberg [7] showed that when the
lattice is given with enough symmetry, they can construct a deterministic
polynomial-time algorithm to solve Zn isomorphism.

Our contributions:-

The following are the major results presented in this paper.

1. We first show that any primitive vector v in Zn can be extended to
a basis of Zn in which all other vectors have smaller norm than v.

2. We reduce SVP in any lattice isomorphic to Zn to SVP in (n − 1)
dimensional sublattice of Zn.

3. We introduce two new classes of lattice bases called AMDV and
AMDS and show that if a basis of Zn belongs to both these classes,
then it must be {e1, . . . , en}. Introducing yet another class of bases,
CMB, we give another condition for Zn basis to be {e1, . . . , en} how-
ever it is only a sufficient condition.

4. We show that any vector that belongs to any SMP (Successive Min-
ima Problem) solution is Voronoi relevant. This result leads to a new
lower bound for the norm of the largest Voronoi relevant vector. We
also show that a Compact basis of Zn can have exponentially large
norm and deduce a new upperbound for Compact bases of Zn.

2 Preliminaries

2.1 Definitions and Notations

In this paper Z and R will denote the sets of integers and reals respec-
tively. Vectors will be denoted by small case as in v. Capital boldface
letters will denote a set of vectors. These symbols will also be inter-
preted as matrices in which the member vectors are columns. We will
use both interpretations interchangeably for bases. Let B = {b1, . . . , bk}
be a set of vectors in Rn. The subspace of Rn spanned by B will be
denoted by span(B). The norm of a vector v = (v1, . . . , vn) refers to
the l2-norm, i.e., ||v|| =

√∑
i v

2
i . The norm of B is defined as ||B|| =

max{||b|| | b ∈ B}. For any two sets of vectors U and V, U + V denotes
the set {u+ v | u ∈ U, v ∈ V}.

Definition 1 (Lattice). Given a set of linearly independent vectors
B = {b1, . . . , bm} in the vector space Rn, the lattice, L(B), spanned by B
is the integer span of B, i.e., L(B) = {

∑m
i=1 αi.bi|αi ∈ Z}. In the matrix

notation for B it is {B · z|z ∈ Zn}. B is called a basis for L(B). The
dimension of L(B) is n and the rank is m. If L′ and L are lattices such
that L′ ⊆ L, then the former is called a sublattice of the latter.
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A vector v in a lattice is called primitive if (1/k).v does not belong to
the lattice for any integer |k| > 1. Let B′ be the result of adding the α
(an integer) multiple of the j-th column to the i-th column in B. Then
it is easy to verify that L(B′) = L(B). More generally, two sets B and
B′ are both bases of the same lattice if and only if B′ = B ·U where U
is a unimodular matrix.
Let u, v1, . . . , vk be vectors in Rn. If the norm of u′ = u +

∑k
i=1 αi.vi

is less than ||u||, where αi ∈ Z, then u′ is called a reduction of u by
{v1, . . . , vk}. Vector u is said to be irreducible by a set of vectors V if
the vectors in V cannot reduce it.

Definition 2. Red(u,V) denotes any vector u′ which is a reduction of
u by V and it is not further reducible by it. Observe that Red(u,V) is
not unique.

Following is a trivial result.

Lemma 1. Let B = {b1, b2, . . . .bn} be a basis of L and Let b′i = Red(bi,B\
{bi}). Then {b1, . . . , bi−1, b

′
i, bi+1, . . . , bn} is also a basis of L.

A useful property related to lattices is the existence of the dual lattice.

Definition 3. Let L be a lattice of dimension n and rank n and B be a
basis for it. Then D = (BT )−1 is called the dual basis of B. The lattice
spanned by D (in the same ambient space), L∗, is independent of the
choice of B. That is, L∗ is unique for L and it is called the dual of L. It
is easy to see that the dual of the dual is the primal lattice.

Lattice Zn is self dual, i.e., it is its own dual lattice.

2.2 Lattice Related Problems

Some of the interesting problems related to lattices are as follows.

Definition 4 (Shortest Vector Problem (SVP)). Given a basis B,
find a shortest non-zero vector v in the lattice L(B), i.e., 0 < ||v|| ≤ ||u||
for all u ∈ L(B) \ {0}.

Definition 5 (Closest Vector Problem (CVP)). Given a lattice ba-
sis B and an arbitrary vector t in the ambient space, find the vector v
in the lattice L(B) which is closest to t, i.e., ||v − t|| ≤ ||u − t|| for all
u ∈ L(B).

Definition 6 (Successive Minima). The ith successive minimum λi(L)
for a lattice L is the radius of the smallest sphere centered at the origin
containing at least i linearly independent lattice vectors. So

λi(L) = inf {r | dim(span(L ∩ B(0, r))) ≥ i}

where B(0, r) (ball of radius r) denotes the set of vectors in the ambient
space with norm at most r.

A direct consequence of this definition is as follows.
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Claim. Let S = {v1, . . . , vk} be a linearly independent set of vectors of
a lattice L. Then there exists a v ∈ S such that ||v|| ≥ λk.

Definition 7 (Successive Minima Problem (SMP)). Given a basis
B of a lattice L, find linearly independent lattice vectors s1, s2, . . . , sn
such that ∀i, ||si|| = λi(L).

Theorem 1 (Corollary 4, [8]). There is a dimension and rank pre-
serving reduction from SMP to CVP. The reduction calls the CVP oracle
poly(n, b) times where b is the number of input bits.

Most interesting lattice problems are reducible to SVP and CVP. One of
the main challenges in the study of lattices is to find a “good” basis in
which SVP and CVP are easy to solve. For example{e1, e2, . . . , en} is a
good basis of Zn. One way to characterize the concept of “good” basis
is that a shortest vector of the lattice belongs to it so SVP becomes a
trivial task. Additionally, for any lattice vector v its neighbouring lattice
vectors are given by {v + B · z| z ∈ {−1, 0, 1}n}. This property makes
CVP an easy problem to solve. Most lattices do not have such an ideal
basis. But our attempt in this paper is to find bases which are close to
the ideal basis.

2.3 Hyperplane Sublattice and Basis

The (n− 1)-dimensional subspace perpendicular to an integer vector in
Rn is called a rational subspace. An (n− 1)-dimensional subspace of Rn

contains an (n − 1)-dimensional sublattice of Zn if and only if it is a
rational subspace. We generalize the terminology to arbitrary lattice.
Let L be any lattice in Rn. An (n − 1) dimensional subspace is said to
be pseudo rational if it contains an (n − 1)-dimensional sublattice of L.
In this section subspace will only refer to (n− 1)-dimensional subspace.
The sublattice contained in a pseudo rational subspace will be called
a hyperplane sublattice. Let S0 be a pseudo rational subspace and L′
denote the sublattice contained in it. Let B be a basis of L and B1 be
a basis of L′ expressed as an (n − 1) × (n − 1) matrix. Then it can be
shown that the distance between S0 and the nearest hyperplane parallel
to S0 that contains at least one lattice point is Det(B)/Det(B1). Let the
sequence . . . , S−2, S−1, S0, S1, S2, . . . denote the successive hyperplanes
parallel to S0 each of which contains at least one L point. Since a lattice
is invariant under the translation from one lattice point to another, the
distance between Si and Si+1 is also Det(B)/Det(B1) for all i.
There is an important relationship between the bases of L and the bases
of the hyperplane sublatices. If B1 = {b2, . . . , bn} is a basis of the hyper-
plane sublattice of S0 and b1 ∈ S1 ∩ L, then {b1, b2, . . . , bn} is a basis of
L. Conversely if B = {b1, . . . , bn} is a basis of L and {b2, . . . , bn} spans
S0, then b1 belongs to the corresponding hyperplane S1. Such pairs of b1
and S0 will be called mutually compatible. Some times we may say b1 is
compatible to {b2, . . . , bn} or the other way around, where the concerned
pseudo-rational subspace is span(b2, . . . , bn) and the vectors, b2, . . . , bn,
form a basis of the hyperplane sublattice on this pseudo-rational sub-
space.
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Let us show the relation between all compatible vectors to a given pseudo-
rational subspace of a lattice. Similarly the relation between the com-
patible subspaces to a given lattice vector.

Lemma 2. Let S0 be a pseudo rational subspace of a lattice with a
sublattice basis B1 = [b2, b3, . . . , bn] and b1 be a lattice vector which
are mutually compatible. Then (i) any compatible vector to S0 is given
by b1 +

∑n
i=2 αi.bi for some integer coefficients αi. (ii) Every pseudo-

rational subspace compatible with b1 has a sublattice basis [b2−α1.b1, b3−
α3.b1, . . . , bn − αn.b1] where αi are integer coefficients.

Proof. (i) Suppose B′ = [b′1, b2, . . . , bn] is also a basis of the whole lattice,
then b′1 must also belong to S1, the next parallel hyperplane with lattice
points. Then b′1 = b1 + v where v ∈ L(B1). So b′1 = b1 +

∑n
i=2 αi.bi for

some αi ∈ Z.
(ii) Let [b2, . . . , bn] be compatible with b1 so B = [b1, b2, . . . , bn] is a
lattice basis. Its dual is D = (BT )−1 = [d1, d2, . . . , dn]. So d1 is perpen-
dicular to S0 and b1 is perpendicular to the subspace of [d2, d3, . . . , dn].
By definition d1 and the subspace of [d2, . . . , dn] are compatible w.r.t.
the dual lattice.
Suppose B′1 spans the hyperplane sublattice corresponding to another
subspace compatible to b1. Let its normal be d′1. The dual of B′ =
[b1, b

′
2, . . . , b

′
n] is of the form [d′1, d2, . . . , dn]. So [d′1, d2, . . . , dn] is also

a basis of the dual lattice L∗. Hence d′1 is another compatible vector
for [d2, . . . , dn]. From the first part, there exist integers αi such that
d′1 = d1 +

∑n
i=2 αi.di. The dual of [d1 +

∑n
i=2 αi.di, d2, . . . , dn] is [b1, b2−

α2.b1, . . . , bn−αn.b1]. Then [b′2, . . . , b
′
n] and [b1, b2−α2.b1, . . . , bn−αn.b1]

are bases of the same hyperplane sublattice, perpendicular to d′1. ut

2.4 Some useful facts about Zn

Finally let us discuss the lattice Zn which is the set of all integer vectors.
Any set B, of n linearly independent n-dimensional integer vectors, spans
a sublattice of Zn because its integer-span contains only integer vectors.
A necessary and sufficient condition that L(B) = Zn is that B contains
only integer vectors and the density of lattice points in L(B) is equal to
that of Zn, which is 1. Hence L(B) = Zn if and only if B is an n × n
integer matrix and the Det(B) = 1, i.e., B is a unimodular matrix. Thus
it is polynomially decidable whether a given basis generates Zn.
Now let us consider the case when the basis vectors are not specified in
the reference frame {e1, e2, . . . , en}. Suppose B = {b1, . . . , bn} is a basis
of Zn however in some rotated/reflected reference frame. So there exists
an orthonormal matrix R such that {R · b1, . . . , R · bn} is a basis of Zn.

Definition 8 (Zn Isomorphism Problem). Given a linearly indepen-
dent set of n-dimensional real vectors B = {b1, . . . , bn}, the lattice L(B)
is called isomorphic to Zn if there exists an orthonormal transformation
matrix R such that B′ = {R · b1, . . . , R · bn} is a basis of Zn. The Zn

Isomorphism problem is to determine whether the lattice generated by a
given basis is isomorphic to Zn.
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We have shown that a matrix U is a basis of Zn if and only if its is a
unimodular matrix. Consider any L, isomorphic to Zn. A matrix B is
a basis of L if and only if there exists an orthonormal matrix R and a
unimodular matrix U such that B = R ·U.
Before ending this section let us state two necessary conditions for Zn

isomorphism. We know that Zn is self dual because transpose and inverse
of a unimodular matrix is also unimodular. If B is a basis of a lattice
isomorphic to Zn and D is its dual, then self duality implies that D ⊂
L(B). We have the following result.

Lemma 3. Let B be a basis of a full rank lattice in Rn. Then if Det(B) 6=
1 or D 6⊂ L(B) where D is dual of B, then L(B) is not isomorphic to
Zn. Both these conditions can be decided in polynomial time.

3 Extending a vector into a Zn basis

In this section we present results about extending a primitive vector to
a basis of Zn. We first state a result from [9].

Lemma 4 (Theorem 2, [9]). Let {a1, . . . , an} be a multiset of positive
integers. Let m = max{a1, . . . , an} and gk = gcd(ak, . . . , an), then there
exists an integer solution to the equation x1a1 + · · · + xnan = g1 which

satisfies −gj+1

2gj
< xj ≤

gj+1

2gj
, ∀j ∈ [n− 1] and |xn| ≤ max(

m

2g1
, 1).

Corollary 1. Let gcd(a1, a2) = g and x1a1 + x2a2 = g. Then

|x1|

{
= 1 if |a1| = 1

≤ |a2
2g
| if |a1| > 1

(1)

Corollary 2. Let b1 be a primitive vector of Zn. Then, there exists a
primitive vector d1 ∈ Zn such that b1.d1 = 1 and ||d1|| ≤ max{1, ||b1||/2}.

Proof. Without loss of generality, we can assume that the entries of
b1 = [a1, . . . , an] are all positive integers and 1 ≤ an ≤ · · · ≤ a1. If
ai = 1, then d1 = ei will suffice. Now we only need to consider the case
that ai ≥ 2 for all i. Using Lemma 4, we know that there exists xi such
that x1a1 + · · · + xnan = 1, where |xj | ≤ gj+1/(2gj) ≤ aj+1/2, ∀j ∈
[n− 1], and |xn| ≤ a1/2.

Therefore, we have x21 + · · ·+x2n−1 +x2n ≤
a22 + · · ·+ a2n + a21

4
≤ ||b1||2/4

The fact that b1 · d1 = 1 implies that d1 is primitive. ut

Following is the main result of this section.

Theorem 2. Let v ∈ Zn be primitive vector such that ||v||2 > 1. Then,
there exists a Zn-basis B = {b1, b2, . . . , bn} such that bn = v and ||bn||2 >
||bi||2, ∀i ∈ [n− 1].

Proof is in the Appendix.
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4 Shortest vector in hyperplane lattice

In [10], the author showed that SVP is NP-complete in `∞ norm. Let
L be a lattice isomorphic to Zn. In this section we will show that SVP
in L can be polynomially reduced to SVP in hyperplane sublattice of L.
This result reduces the Zn isomorphism problem into SVP on hyperplane
sublattices.

Lemma 5. Let L be a lattice isomorphic to Zn where n ≥ 4 and b be
an arbitrary vector in L. Let L1 denote the hyperplane sublattice of L on
subspace perpendicular to b. Then the shortest vector v in L1 is either a
unit vector or ||v|| ≤ ||b||/

√
2.

Proof. To prove this claim we will work in the reference frame in which
L is Zn. Let b = (a1, a2, . . . , an). Consider the case where ai = 0 for
some i. Then ei ∈ L1

Now consider the case where all the components of b are non-zero. Let ai
and aj be the two magnitude-wise smallest components of b, i.e., |ai| ≤
|aj | ≤ |ak| for all k ∈ [n] \ {i, j}. Let u = (0, . . . ,−aj , 0 . . . , 0, ai, 0, . . . )
where the i-th component is −aj and the j-th component is ai. Clearly
u is perpendicular to b so u belongs to L1. Further, ||u||2 = a2i + a2j ≤
(2/n)||b||2 ≤ (1/2)||b||2. ut

This result suggests an algorithm to compute a shortest vector in any
lattice isomorphic to Zn by iteratively computing the shortest vector on
hyperplane sublattices. Start with an arbitrary vector, b, from L. If b is
a unit vector then the task is over. Otherwise compute the hyperplane
sublattice, L1, of L perpendicular to b. Compute a shortest vector b1 in
L1. Then either b1 is a unit vector (which is the desired result) or ||b1|| ≤
||b||/

√
2. Thus b1 is the new b and we repeat this step. This algorithm

requires at most 2. log2 ||b|| iterations. Hence we have the following result.

Theorem 3. SVP on any lattice isomorphic to Zn can be solved using
polynomially many calls to an oracle that solves SVP on a hyperplane
sublattice of L.

One way to solve Zn isomorphism is to solve SVP. If the shortest vector
is a unit vector s1, then compute the subspace perpendicular to s1, deter-
mine a basis of the corresponding hyperplane sublattice and recursively
prove that this sublattice is isomorphic to Zn−1. If the shortest vector is
not a unit vector, then the given lattice cannot be isomorphic to Zn.

Corollary 3. Zn isomorphism problem can be reduced to SVP on hy-
perplane sublattice of a Zn-isomorphic lattice.

5 Min distance vector and Max distance
subspace

Definition 9 (Minimum Distance Vector (MDV)). Let L be a lat-
tice and S0 be a pseudo-rational subspace of L. A shortest lattice vector
compatible with S0 is called MDV of S0.
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Definition 10 (Maximum Distance Subspace (MDS)). Let b1 be
any primitive vector of a lattice. Then that b1-compatible subspace is the
MDS of b1, to which the perpendicular drop from the point b1 to the
subspace is longest (equivalently the projection of b1 on the subspace is
the shortest).

Lemma 6. Let S be a pseudo-rational subspace of some lattice. That
lattice vector b, compatible with S, is its MDV for which ||d||. sin θ is
minimum where d is a normal to S and θ is the angle between d and b.

Lemma 7. Let b be a primitive vector of a lattice. Then that b-compatible
subspace S is its MDS for which ||b||. cos θ is maximum, where θ is the
angle between b and the normal of S.

Corollary 4. Let B = [b1, b2, . . . , bn] be a lattice basis and D = [d1, . . . , dn]
be its dual basis. Then, b1 is MDV of [b2, . . . , bn] if and only if [d2, . . . , dn]
is MDS of d1.

Proof. Recall that b1 is normal to Span(d2, . . . , dn) and d1 is normal to
span(b2, . . . , bn). Then b1 is MDV of [b2, . . . , bn] if and only if b1. sin θ is
minimum if and only if d1. cos θ is maximum if and only if [d2, d3, . . . , dn]
is MDS of d1. ut

One of the consequences of Lemma 2 is the following result.

Lemma 8. Let {b1, b2, . . . , bn} be a basis of a lattice. Then the MDV of
[b2, . . . , bn] is b1 +

∑n
i=2 αi.bi for some integers αi.

Similarly the MDS of b1 has a sublattice basis given by [b2−α2.b1, . . . , bn−
αn.b1], where αi are integers.

Following results shows that MDV and MDS properties together impose
a strong condition.

Lemma 9. Let B = {b1, . . . , bn} be a basis of a lattice isomorphic to
Zn. Let D = {d1, . . . , dn} be its dual basis. If ||d1|| ≤ ||b1|| and ||b1|| > 1,
then b1 is not an MDV.

Proof. First consider the case that d1 = e1. In this case span(b2, . . . , bn) =
span(e2, . . . , en) which is isomorphic to Zn−1. If b1 were MDV, then
b1 = e1. This contradicts the given fact that ||b1|| > 1. Hence b1 cannot
be an MDV.
Now consider the case that ||d1|| > 1. Then 1 < ||d1|| ≤ ||b1||. From
Corollary 2, there exists a primitive vector b′1 such that dT1 · b′1 = 1 and
||b′1|| ≤ max{1, ||d1||/2}. So ||b′1|| ≤ max{1, ||b1||/2}.
dT1 · b1 = dT1 · b′1 implies that the length of the projection of b′1 on d1
is equal to that of b1, namely, 1/||d1||. Hence b′1 is also compatible with
[b2, . . . , bn], i.e., [b′1, b2, . . . , bn] is also a lattice basis. Since ||b′1|| < ||b1||,
b1 cannot be an MDV. ut

Theorem 4. Let B be a basis of a lattice isomorphic to Zn. If b1 is
MDV of [b2, . . . , bn] and [b2, . . . , bn] is MDS of b1, then ||b1|| = 1.
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Proof. Let B = [b1, . . . , bn] be a basis and D = [d1, . . . , dn] be its dual.
Suppose b1 is the MDV [b2, . . . , bn] and [b2, . . . , bn] be the MDS of b1.
From Corollary 4 d1 is MDV of [d2, . . . , dn].
Suppose ||d1|| ≤ ||b1||. Since b1 is MDV, from Lemma 9, ||b1|| = 1. Hence
||d1|| = 1. Same argument applies to the case ||b1|| ≤ ||d1||. Hence in
either case b1 and d1 are both unit vectors. ut

Corollary 5. If B is a basis of a lattice isomorphic to Zn such that for
all i ∈ [n], bi is MDV of B \ {bi} and B \ {bi} is MDS of bi, then B is
orthonormal.

6 On AMDV bases

In this section we investigate the bases, B = {b1, . . . , bn}, in which bi is
the MDV of B\{bi} for each i. Such a basis will be called an AMDV (all
MDV) basis. It is easy to see that if D is the dual of an AMDV basis,
then D is an AMDS (all MDS) basis of the dual lattice.

Corollary 6. Let L be a lattice isomorphic to Zn. Let B = [b1, . . . , bn]
be an AMDV basis of L and [d1, . . . , dn] be its dual. Then for each i,
either ||bi|| = 1 or ||bi|| < ||di||.

Lemma 10. {e1, . . . , en} is the only Zn basis which is AMDV and to-
tally unimodular.

Proof. Let B = [b1, . . . , bn] be an AMDV basis of Zn which is also totally
unimodular. If any bi is a unit vector, then B \ {bi} must span Zn−1. In
this case we can reduce the problem to (n− 1) dimensions.
So to assume the contrary we assume that ||bi|| > 1,∀i ∈ [n]. The in-
verse matrix B−1 = [c1, . . . , cn] is also a totally unimodular matrix, i.e.,
B−1 ∈ {−1, 0, 1}n×n. Without loss of generality, we can assume that
(B−1)1,1 = 1. This implies that Bc1 = e1, i.e., ||b1|| > 1 = ||Bc1|| =
||b1 +

∑n
j=2(c1)j .bj ||. This means that b1 is not MDV. ut

Next we will investigate whether the only AMDV basis of Zn is {e1, . . . , en}?

6.1 AMDV and Cascaded Minimal Basis

To study AMDV bases we first define a new class of bases called cascaded
minimal bases.

Definition 11. Let L be any lattice in Rn. Then B = {b1, . . . , bn} is
cascaded minimal basis or CMB if for each i, bi is a shortest vector in
the sublattice spanned by {bi, bi+1, . . . , bn} and the bi is irreducible by the
set {b1, b2, . . . , bi−1}.

Algorithm 1, given in the Appendix, computes a CMB of an arbitrary
lattice, proving the existence of CMB in every lattice. We will prove the
correctness of this algorithm however will not analyse its time complexity
because our objective is only to show the existence of this type of basis.
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Given a basis b1, b2, . . . , bn of a lattice, we say that bi satisfies property
P1 if bi is a shortest vector in L(bi, bi+1, . . . , bn}). Further we say that it
satisfies property P2 if bi is irreducible by {b1, . . . , bi−1}.
From Lemma 1 we know that after each iteration the set {b1, . . . , bn}
remains a basis of L. Also replacing bi, . . . , bn by b′i, . . . , b

′
n in the basis

results into another basis if L(bi, . . . , bn) = L(b′i, . . . , b
′
n).

Now to argue that the process will terminate, let us define a lexicographic
partial order on the ordered bases as follows. Given two ordered bases
B′ : b′1, . . . , b

′
n and B′′ : b′′1 , . . . , b

′′
n with non-decreasing norms, we say

B′ < B′′ if there exists an index i such that ||b′j || = ||b′′j || for all j < i
and ||b′i|| < ||b′′i ||. Observe that in each iteration of the algorithm the
basis strictly reduces with respect to this partial ordering. Since this
ordering is bounded below, the algorithm must terminate.

Above algorithm establishes that cascaded minimal basis exists for every
lattice. Set {e1, . . . , en} is a cascading minimal basis of Zn. We will now
show that this is the only such basis in Zn. Let {b1, . . . , bn} be a CMB of
Zn. Since the shortest vector in this lattice is a unit vector, b1 must be a
unit vector. Without loss of generality assume that b1 = e1. Since each bj
is irreducible by e1 for any j > 1, L(b2, . . . , bn) must be Zn−1, spanned
by {e2, . . . , en}. By the definition b2, . . . , bn is itself a CMB, therefore by
induction bi = ei for all i.

Lemma 11. The unique cascaded minimal basis of Zn is {e1, . . . , en}.

Following is the main result of this section.

Theorem 5. Let B = {b1, . . . , bn} be an AMDV basis of a lattice L in
Rn and let {d1, . . . , dn} be its dual. Also given that the angle between bi
and di is less than or equal to 60-degrees for all i. For any subset B′ ⊆ B
and v ∈ L(B′), there exists b ∈ B′ such that ||b|| ≤ ||v||.

The proof is in the Appendix.

Corollary 7. Let B = {b1, b2, . . . , bn} be an AMDV basis of a lattice
L and let D = {d1, d2, . . . , dn} be its dual basis. If for each i, the angle
between bi and di is at most 60-degrees, then B is a cascaded minimal
basis.

Proof. Suppose ||b1|| ≤ ||b2|| ≤ ||b3|| ≤ . . . . Due to MDV property
no bi can reduce any bj . Now consider the sublattice Li spanned by
{bi, bi+1, bi+2, . . . , bn}. Let v ∈ Li. So there exist αj such that v =∑n

j=i αj .bj . Let j0 be the smallest index such that αj0 6= 0. From the
previous theorem ||bj0 || ≤ ||v||. Hence ||bi|| ≤ ||v||. Thus bi is a shortest
vector in the sublattice Li. This proves that B is a cascaded minimal
basis.

Corollary 8. Let L denote Zn or any of its isomorphic lattice. Let B =
{b1, b2, . . . , bn} be an AMDV basis of L and D = {d1, d2, . . . , dn} be its
dual basis. If the angle between bi and di is no more than 60-degrees for
each i, then B = {e1, e2, . . . , en}.
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7 Short Vectors that are Voronoi Relevant

Definition 12 (Voronoi Cell). Let L be a lattice. The Voronoi cell of
the lattice is

C(L) = {x ∈ Rn | ∀v ∈ L, ||x|| ≤ ||x− v||}

The half space for a lattice vector v is defined as

H(v) = {x ∈ Rn | ||x|| ≤ ||x− v||}

Observe that C(L) =
⋂
H(v

v∈L\{~0}
). The minimal set of lattice vectors V (L),

such that C(L) =
⋂
H(v

v∈V (L)
), is called the set of Voronoi relevant vectors.

Theorem 6 (Voronoi, [11]). Let L be a lattice and v ∈ L be any lattice
vector. Then v is a Voronoi relevant vector if and only if ±v are the only
shortest vectors in the coset 2L+ v.

We first prove the following claim that will be used later in the proof of
the main result.

Claim. Let S = {~s1, . . . , ~sn} be a solution to SMP of a lattice L, i.e. it
is a set of n linearly independent lattice vectors such that ||~si|| = λi(L).
If ~w ∈ L and ||~w|| < λj , then ~w ∈ span(~s1, . . . , ~sj−1).

Proof. We are given that ||w|| < λj so w ∈ B(0, λj − ε) where ε =
(λj−||w||)/2 > 0. Since B(0, λj−ε) has at most j−1 linearly independent
vectors and s1, . . . , sj−1 is one such set, w ∈ span(s1, . . . , sj−1).

An obvious corollary of Claim 7 is as follows.

Corollary 9. Let S = {~s1, . . . , ~sn} and S′ = {~s′1, . . . , ~s′n} be any two so-
lutions of SMP. If λi < λi+1, then span(~s1, . . . , ~si) = span(~s′1, . . . , ~s′i).

In [12], it is proved that for any ~s ∈ L and ||~s|| = λ1, ~s belongs to the
set of Voronoi relevant vectors. We will show in the main result of this
section that if ~s ∈ L and ||~s|| ≤ λn, then ~s is a Voronoi relevant vector.

Theorem 7. If S = {~si, . . . , ~sn} is a solution to SMP for a lattice L,
then S ⊆ V (L).

The proof is in the Appendix.

Corollary 10. For any lattice L, λn(L) ≤ ||V (L)||.

The algorithm given by Micciancio et al. [13] computes all the Voronoi
relevant vectors, then Algorithm 2, given in the appendix, computes a
solution of SMP.
In [14], the authors defined a new concept of c-compact basis as follows.
For any c > 0, a basis B of a lattice L is c-compact if

V (L) ⊆ {Bz : z ∈ Zn and ||z||∞ ≤ c}
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A 1-compact basis is simply called a compact basis.

Since, a compact basis B generates V (L) with coefficients from {−1, 0, 1},
one would expect B to consist of short vectors. But, consider the lattice
Zn with the following basis

B =



1 1 21 . . . 2n−3 2n−2

0 1 1 . . . 2n−4 2n−3

0 0 1 . . . 2n−5 2n−4

...
...

...
...

...
...

0 0 0 . . . 1 1
0 0 0 . . . 0 1


This basis is compact whereas B ⊂

(
2n−1C(Zn)

)
∩ Zn which contains

vectors with exponentially large norms.

Claim. For any compact basis B of L, B ⊆
(
n.n! × 2C(L)

)
∩ L. Also,

||B|| ≤ n.n!λn.

Proof. Since B is a compact basis and using theorem 6, we have S = BY
where S is any solution to SMP and Y ∈ {0,±1}n×n. This implies that
B = SY−1. The entries of Y−1 are bounded by n!, therefore each bi is
sum of vectors in n!× 2C(L). Therefore, ||B|| ≤ n.n!.λn.

8 Conclusion

We have presented several results related to the bases of Zn such as
extending a primitive vector v to a unimodular matrix by ensuring that
v remains the longest. We give a reduction from SVP in Zn to SVP and
CVP in n−1 dimensional sublattice of Zn. We also describes some good
bases of Zn and gave results related to those. Finally, we showed that
the solution to SMP is a subset of the set of Voronoi relavant vector.

In future works, we would like to see whether the extension lemma can be
generalised where more than one vector is given and one of these vectors
remains the largest in the computed basis.If it holds than we can deduce
that Zn has a unique AMDV basis, namely, {e1, . . . , en}.
It would be interesting to know if the angle condition from Theorem 5
can be dropped. This would give an alternative proof of uniqueness of
AMDV basis in Zn. Finally, it is still an open question whether in the
lattices having compact bases, SMP solution forms a basis.
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Appendix

8.1 Proofs of Main Theorems

Theorem 2. Let v ∈ Zn be primitive vector such that ||v||2 > 1. Then,
there exists a Zn-basis B = {b1, b2, . . . , bn} such that bn = v and ||bn||2 >
||bi||2, ∀i ∈ [n− 1].

Proof. We will construct an n× n integer matrix B with determinant 1
which contains v as a column and the norm of all other columns being
less than ||v||. We prove this theorem using induction on the dimension
n.
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(1) Base case is n = 2. Let b2 = (a, b). So there exists c, d such that
c.a + d.b = 1 where |c| < |b| and |d| < |a|. Let b1 = (−d, c). Then
B = {b2, b1} spans Z2 because the determinant of B is a.c + b.d = 1.
Further ||b2||2 = a2 + b2 > d2 + c2 = ||b1||2. Hence the claim holds for
this case.

Next steps will address the cases with n > 3.

(2) Let v = (v1, . . . , vn)T . First consider the case where at least one com-
ponent of v is zero. Without loss of generality assume that vn = 0. We will
reduce the problem to n − 1 dimensional case. Let b′n = (v1, . . . , vn−1).
From induction hypothesis we have a basis B′ = [b′2, . . . , b

′
n] which spans

Zn−1 and ||b′i|| < ||b′n|| for all 2 ≤ i ≤ n − 1. Define the basis matrix B
for Zn as follows. Here ~0 denotes an (n− 1)-dimensional zero vector.

B =

[
~0 B′

1 ~0T

]
Observe that the rightmost column is v.

(3) Next we consider the case when at least one component of v is 1.
Case in which one component is −1 can be handled similarly. Without
loss of generality assume that vn = 1. Since vn = 1, we have a trivial
solution B = [e1, e2, . . . , en−1, v].

Observe that Det(B) and all columns, other than v are unit vector.

(4) Finally we consider the case where vi 6∈ [−1, 0, 1], ∀i. For convenience
we will denote v by (vn, vn−1, . . . , v1)T . Define d1 = v1 and for all i > 1,
we define di = GCD(v1, . . . , vi) and ri, si ∈ Z such that rivi + sidi−1 =
di. Observe that dn = 1. Define matrix Ti for i > 1 as follows. The
inverse is also given below.

Ti =



1 0 . . . 0 0 0 0 . . .
0 1 . . . 0 0 0 0 . . .
...
0 0 . . . ri si 0 0 . . .
0 0 . . . −di−1/di vi/di 0 0 . . .
0 0 . . . 0 0 1 0 . . .
...


,T−1

i =



1 0 . . . 0 0 . . .
0 1 . . . 0 0 . . .
...
0 0 . . . vi/di −si . . .
0 0 . . . di−1/di ri . . .
...



where (i−1)-st column is (0, . . . , 0, ri,−di/di−1, 0, . . . , 0)T in which ri is
the (i−1)-st entry and the i-th column is (0, . . . , 0, si, vi/di−1, 0, . . . , 0)T

in which vi/di is the i-th entry. The determinant of Ti is (ri.vi+si.di−1)/di =
1. Define B = T−1

n T−1
n−1 . . .T

−1
2 which is a unimodular matrix. Our next

objective is to show that the first column of B is v. To do this we de-
termine the structure of B. To begin with the product of the rightmost
two matrices is

T−1
3 .T−1

2 =


vn −sn 0 . . .
vn−1 vn−1rn/dn−1 −sn−1 . . .
dn−2 dn−2rn/dn−1 rn−1 . . .

...


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and the product of T−1
4 with the above matrix is

T−1
4 T−1

3 T−1
2 =


vn −sn 0 0 . . .
vn−1 vn−1rn/dn−1 −sn−1 0 . . .
vn−2 vn−2rn/dn−1 vn−2rn−1/dn−2 −sn−2 . . .
dn−3 dn−3rn/dn−1 dn−3rn−1/dn−2 rn−2 . . .

...


So, finally we will get

B =



vn −sn 0 0 . . . 0 0
vn−1 vn−1rn/dn−1 −sn−1 0 . . . 0 0
vn−2 vn−2rn/dn−1 vn−2rn−1/dn−2 −sn−2 . . . 0 0
vn−3 vn−3rn/dn−1 vn−3rn−1/dn−2 vn−3rn−1/dn−3 . . . 0 0

...
v2 v2rn/dn−1 v2rn−1/dn−2 v2rn−1/dn−3 . . . v2r3/d2 −s2
v1 v1rn/dn−1 v1rn−1/dn−2 v1rn−1/dn−3 . . . v1r3/d2 r2


Since Det(T−1

i ) = 1, Det(B) = 1. Observe that the first column of B is
v, as expected. In the last step we will show that the norm of all columns
other than v is strictly less than ||v||. Label the columns of B, from left
to right, by bn, bn−1, . . . , b1 respectively.
Square of the norm of vector bk is b2k = s2k+1 + (r2k+1/d

2
k)[v2k + v2k−1 +

· · ·+v21 ]. Since ri.vi +si.di−1 = di, from Corollary 1, |ri| ≤ |di−1|/(2.|di|)
because |vi| > 1. Also, |si| = 1 if |di−1| = 1. Otherwise |si| ≤ |vi|/(2.|di|).
We will plug these values into the expression for bk.
First, the case of |dk| = 1. In this case b2k ≤ 1 + (1/(4d2k+1)).(v2k + v2k−1 +
· · ·+v21) ≤ 1+(v2k+v2k−1+· · ·+v21)/4 ≤ v2k+1/4+(v2k+v2k−1+· · ·+v21)/4 <
b2n = v2.
In case |dk| > 1, b2k ≤ v2k+1/(4.d

2
k+1)+1/(4.d2k+1).(v2k +v2k−1 + · · ·+v21) ≤

(1/4)(v2k+1 + v2k + · · ·+ v21) < b2n = v2. ut

Theorem 5 Let B = {b1, . . . , bn} be an AMDV basis of a lattice L in
Rn and let {d1, . . . , dn} be its dual. Also given that the angle between bi
and di is less than or equal to 60-degrees for all i. For any subset B′ ⊆ B,
if v ∈ L(B′), then there exists a b ∈ B′ such that ||b|| ≤ ||v||.

Proof. To avoid notational complexity suppose v = α1.b1 +α2.b2 + · · ·+
αk.bk where each αi is non-zero. Also assume that α1 ≥ 0. If not, then
replace v by −v. This does not affect the argument since ||v|| = || − v||.
First consider the case of α1 = 1. In this case v = b1 +α2.b2 + · · ·+αk.bk.
Since b1 is MDV, ||v|| ≥ ||b1||.
Now consider the remaining case, i.e., α1 ≥ 2. Let v1 = α2.b2+· · ·+αk.bk.
Let P denote the 2-D plane spanned by v1 and b1. Observe that vectors
v2 = b1 + v1 and v = α1.b1 + v1 belong to P . In this 2-Dim space let
b1 = (b, 0) and v1 = (p, q). So v = (α1.b + p, q). Let θ be the angle
between b1 and v1. So tan θ = q/p.
The condition v2 ≥ b21 can be written as (q/p)2 ≥ −1 − 2α1.(b/p) −
(α2

1 − 1)(b/p)2. Let x denote b/p. We need to find the maximum value
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of φ = −1 − 2α1.x − (α2
1 − 1)x2. We have dφ/dx = −2(α2

1 − 1)x − 2α1

and d2φ/dx2 = −2(α2
1 − 1). Since α1 ≥ 2, the maximum of φ will occur

at dφ/dx = −2(α2
1 − 1)x− 2α1 = 0 or x = −α1/(α

2
1 − 1). Plugging this

value in φ gives maximum value of φ to be −1− (α2
1− 1).α2

1/(α
2
1− 1)2 +

2α2
1/(α

2
1−1) = α2

1/(α
2
1−1)−1 = 1/(α2

1−1). So φ is maximum at α1 = 2
and it is equal to 1/3.
We have shown that a sufficient condition for ||v|| ≥ ||b1|| is that tan2 θ ≥
1/3 or θ ≥ 30. This condition is satisfied when the angle between b1 and
the subspace, spanned by B \ {b1}, is at least 30-degrees because v1
belongs to this subspace. This condition is the same as the condition
that the angle between b1 and d1 (the normal to the subspace) is at
most 60-degrees. ut

Theorem 6 If S = {~si, . . . , ~sn} is a solution to SMP for a lattice L, then
S ⊆ V (L).

Proof. From theorem 6, if v ∈ L is not a Voronoi relevant vector, then

there exist ~w ∈ L \ {0, v} such that ||v
2
− ~w|| ≤ ||v

2
||. We will use this

criterion to prove the claim.
We first show that ~s1 is Voronoi relevant. If ~s1 is not Voronoi relevant,
then from the above criterion we consider two cases.

||~s1
2
− ~w|| < ||~s1

2
|| : In this case ||~s1− 2~w|| < ||~s1|| which is a contradic-

tion because ~s1 is the shortest vector in L.

||~s1
2
− ~w|| = ||~s1

2
|| : It implies that cosθ =

||~w||
||~s1||

where θ is the angle

between ~s1 and ~w. Since ||~w|| ≥ ||~s1||, we have cos(θ) ≥ 1. Therefore
θ = 0 and ~w = ~s1, which is absurd.

This implies that ~s1 ∈ V (L). Now to argue using induction assume that
~s1, . . . , ~si−1 belong to V (L) and ~si /∈ V (L), for some i. Again we consider
two cases based on the criterion.

||~si − 2~w|| < ||~si|| : From the Claim 7, ~si−2~w belongs to X = span(~s1,
. . . , ~si−1) . Due to triangular inequality, we have ||~w|| = ||~w−~si/2 +
~si/2|| < ||~si||. So ~w ∈ X. Combining with the fact that ~si−2~w ∈ X,
we get that ~si also belongs to X. But that is impossible because ~si
is linearly independent from ~s1, . . . , ~si−1.

||~si − 2~w|| = ||~si|| : This implies that ||~w||2 = ~si. ~w =⇒ cos(θ) =
||~w||
||~si||

.

If θ = 0, then ~w = ~si which contradicts the choice of ~w. So, we con-
sider the case when ||~si|| > ||~w||. In this case ~w ∈ X = span(~s1, . . . ,
~si−1). We get an inequality as follows.

||~si − ~w||2 = ||~si||2 + ||~w||2 − 2~si. ~w

= ||~si||2 + ||~w||2 − 2||~w||2

= ||~si||2 − ||~w||2

< ||~si||2

This implies that ~si − ~w also belongs to X. Thus we deduce that
~si must also belong to X, which is absurd because ~si is linearly
independent from ~s1, . . . , ~si−1.

ut
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8.2 Counterexamples

The following basis of Zn has the property that for all i 6= j, bi is irre-
ducible with respect to bj but it is not AMDV.

B1 =



0 0 1 −1 0 0 0 0
0 −1 0 1 1 0 0 0
1 0 0 0 0 −1 0 0
0 −1 0 0 0 1 0 1
0 0 1 0 1 0 0 1
0 0 0 0 0 0 −1 −1
0 −1 0 0 −1 −1 0 0
0 −1 0 0 0 0 1 −1



The following basis of Zn has the property that it is +1, 0,−1 matrix
but its dual does not contain any entry with value +1 or −1.

B2 =



−1 0 −1 1 1 0 1 0
0 0 0 1 0 0 0 1
0 0 0 1 −1 −1 1 0

−1 −1 1 1 0 −1 0 0
0 1 −1 −1 0 −1 0 0
1 0 −1 −1 1 1 0 1

−1 1 −1 0 1 0 1 1
0 1 0 1 −1 0 −1 −1


,B

−T
2 =



−6 −5 −6 −2 −7 3 −2 2
−14 −11 −13 −5 −17 7 −5 6
8 6 7 3 9 −4 3 −3
13 10 12 5 16 −7 4 −5
−5 −4 −5 −2 −6 2 −2 2
16 12 14 6 19 −8 5 −6
8 7 8 3 10 −4 3 −3
10 8 9 4 12 −5 3 −4



8.3 Algorithms

Algorithm 1 finds a solution to SMP from the set of all Voronoi relevant
vectors.

Input: A basis B = {b1, b2, . . . , bn} of a lattice L with ||bi|| ≤ ||bi+1||∀i.
Output: A cascaded minimal basis of L.
while ∃bi that does not satisfy P1 or P2 do

Select the minimum index i such that bi does not satisfy P1 or P2;
if bi does not satisfy P1 then

Compute a basis ci, . . . , cn for L(bi, . . . , bn) where ci is a shortest
vector in L(bi, . . . , bn) and ||cj || ≤ ||cj+1||∀j;

for j := i to n do
bj := cj ;

end

else
bi := Red(bi, {b1, . . . , bi−1});

end

end
return {b1, . . . , bn}

Algorithm 1: Every lattice has at least one Cascading Minimal Basis
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Input: A basis B = [b1, . . . , bn] for L.
Run the algorithm given by Micciancio et al. to compute the set of all Voronoi
relevant vector V ;

Sort V in the order of non-decreasing norm;
S := {};
i = 1;
while |S| < n do

if V [i] 6∈ Span(S) then
S = S ∪ {V [i]};

end

end
Return S.

Algorithm 2: Algorithm for solving SMP
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