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Abstract. Given positive integers a1, ...,a, and a target integer ¢, the
Subset Product problem asks to determine whether there exists a subset
S C [n] such that [],.qa:i = t. It differs from the Subset Sum problem
where the multiplication operation is replaced by addition. There is a
pseudopolynomial-time dynamic programming algorithm which solves
the Subset Product in O(nt) time and 2(t) space.

In this paper, we present a simple and elegant randomized algorithm for
Subset Product in O(n + t°®) expected-time. Moreover, we also present
a poly(nt) time and O(log?(nt)) space deterministic algorithm.

In fact, we solve a more general problem called the SimulSubsetSum. This
problem was introduced by Kane 2010. Given k instances of Subset Sum,
it asks to decide whether there is a ‘common’ solution to all the instances.
Kane gave a logspace algorithm for this problem. We show a polynomial-
time reduction from Subset Product to SimulSubsetSum and also give
efficient algorithm for the latter. Our algorithms use multivariate FFT,
power series and number-theoretic techniques, introduced by Jin and Wu
(SOSA 2019) and Kane (2010).

Keywords: simultaneous - power series - subset product - logspace -
FFT - pseudo-prime-factor

1 Introduction

The Subset Sum problem (in short, SSUM) is a well-known NP-complete prob-
lem [19, p. 226], where given (ai,...,an,t) € Z;”gl, the problem is to decide
whether there exists S C [n] such that ), ¢ a; = t. In the recent years, this
problem has gained significant attractions due to applications in provable-secure
cryptosystems [20/TT] and remarkable algorithmic improvements both in classi-
cal and quantum world [BITSITZTOIBIT3I9). In this paper, we study a well-known
variant of the subset sum, called Subset Product.

Problem 1 (Subset Product). Given (ay,...,a,,t) € Z2T! the Subset Product
problem asks to decide whether there exists an S C [n] such that [[;.qa; =t.
Subset Product is known to be NP-complete [12] p. 221]. It has a trivial O(nt)
time (pseudo-polynomial time) dynamic programming algorithm which requires
£2(t) space [2].
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Subset Product has been studied and applied in many different forms. For
e.g. 1) constructing a smooth hash (VSH) by Contini et al. [6], 2) attack on the
Naccache-Stern Knapsack (NSK) public key cryptosystem [8]. Similar problem
has also been studied in optimization, in the form of product knapsack prob-
lem [22], multiobjective knapsack problem [IJ.

Next, we define a seemingly unrelated problem. It asks to decide whether
there is a ‘common’ solution to the given many instances of subset sum. This
was first introduced by [I6l Section 3.3] (but no formal name was given).

Problem 2 (SimulSubsetSum). Given subset sum instances (aij,...,an;,t;) €
Zggl, for j € [k], where k is some parameter, the Simultaneous Subset Sum

problem (in short, SimulSubsetSum) asks to decide whether there exists an S C
[’I’L] such that ZiES Qj; = tj,Vj S [k]

Remarks. 1. When k is fixed parameter (independent of n), we call this k —
SimulSubsetSum. There is a trivial O(n(t; +1)...(tx + 1)) time deterministic
algorithm for the SimulSubsetSum problem with & subset sum instances (k not
necessarily a constant) by extending the dynamic programming algorithm for
SSUM.

2. Tt suffices to work with ¢t; > 1,Vj € [k]. To argue that, let us assume
that t; = 0 for some j € [k] and I; := {i € [n]|a;; = 0}. Observe that if
SimulSubsetSum has a solution set S C [n], then S C I;. Therefore, for every ¢ €
[k], instead of looking at (aie, ..., ane, te), it suffices to work with {a;¢|i € I;}
with the target t,. Thus, we can trivially ignore the j** SSUM instance.

Hardness depends on k. Linear algebraically, Problem [2] is asking to solve
a system of k-linear equations, in n-variables with 0/1 constraints on the vari-
ables. If we assume that the set of vectors {(aij,...,an;)|Vj € [k]} is linearly
independent; then we can perform Gaussian elimination to find a relation be-
tween the free variables (exactly n — k) and dependent/leading variables. Then,
by enumerating over all possible 2% values of the free variables and finding
the corresponding values for leading variables, we can check whether there is a
0/1 solution, hence solving it in poly(n, k) - 2"~* time. This implies that when
k > n — O(log(n)), SimulSubsetSum (with assuming linear independence) has
a polynomial time solution. Whereas, we showed (in that given a
subset sum instance, we can convert this into a SimulSubsetSum instance in
polynomial time even with & = O(log(n)).

1.1 Owur contributions

Theorem 1 (Time-efficient algorithm for Subset Product). There exists a
randomized algorithm that solves Subset Product in O(n + t°M) expected-time.

Remarks. 1. The result in the first part of the above theorem is reminiscent
of the O(n + t) time randomized algorithms for the subset sum problem [I5J4],
although the time complexity in our case is the expected time, and ours is better.
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2. The expected time is because to factor an integer ¢ takes expected
exp(O(y/log(t) loglog(t))) time [I8]. If one wants to remove expected time anal-
ysis (and do the worst case analysis), the same problem can be solved in O(n? +
t°() randomized-time. For details, see the end of

3. While it is true that Bellman’s algorithm gives O(nt) time algorithm,
the state-space of this algorithm can be improved to (expected) nt®)-time for
Subset Product, using a similar dynamic algorithm with a careful analysis. For
details, see

Theorem 2 (Space-efficient algorithm for Subset Product). Subset Product
can be solved deterministically in O(log*(nt)) space and poly(nt)-time.

Remark. We cannot directly invoke the theorem in [I6, Section 3.3] to conclude
since the reduction from Subset Product to SimulSubsetSum requires
O(nlog(nt)) space. Essentially, we use the same identity lemma as [16] and
carefully use the space; for details see

Using a pseudo-prime-factorization decomposition, we show that given a tar-
get t in Subset Product, it suffices to solve SimulSubsetSum with at most logt
many instances, where each of the targets is also ‘small’, at most O(loglogt)
bits.

Theorem 3 (Reducing Subset Product to SimulSubsetSum). There is a de-
terministic polynomial time reduction from Subset Product to SimulSubsetSum.

Remark. The reduction uses O(nlogt) space as opposed to the following chain
of reductions: Subset Product <p SSUM <p SimulSubsetSum. The first reduction
is a natural reduction, from an input (ai,...,a,,t), which takes log both sides
and adjusts (multiply) a ‘large’ M (it could be O(nlogt) bit [I7122]) with log a;,
to reduce this to a SSUM instance with b; := | M loga;]. Therefore, the total
space required could be as large as O(n2 logt). The second reduction follows
from Thus, ours is more space efficient. Motivated thus, we give an
efficient randomized algorithm for SimulSubsetSum.

We also show that SimulSubsetSum, even with 2 instances, is as hard as
SSUM. Though the proof is very standard, we sketch this for the completeness.

For details, see |section B

1.2 Prior works and limitation of the obvious attempts

There have been a very few attempts to classically solve Subset Product or its
variants. It is known to be NP-complete and the reduction follows from the
Exact Cover by 3-Sets (X3C) problem [12] p. 221]. Though the knapsack and its
approximation versions have been studied [I7122], we do not know many classical
algorithms and attempts to solve this, unlike the recent attention for the subset
sum problem [AT5IT4Y5]. In this paper, we start investigating similar questions
in the Subset Product regime.
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Why the obvious methods fail. Since subset sum can be solved in ran-
domized O(n + t) time [I5], as mentioned before, one obvious way to solve
Subset Product would be to work with b; := |[Mloga;| and a R, a range of
target values ¢ which could be as large as M logt such that Subset Product is
YES iff subset sum instance with b; and ¢ € R is YES. But M could be as large
as O(n - ([],; a;) ?). Therefore, although there is a randomized near-linear time
algorithm for subset sum, when one reduces the instance of Subset Product to a
subset sum instance, the target becomes very large, failing to give an O(n +1)
algorithm.

Similarly, along with the reduction in which reduces
the Subset Product to SSUM, actually blows up the target, and fails to give
near-linear time algorithm.

We also mention that it is not clear if non-algebraic techniques, as used
in [], could be extended for SimulSubsetSum or not. Moreover, the general tech-
niques, used for subset sum [II514] seem to fail to ‘directly’ give algorithms for
Subset Product. This is exactly why, in this work, the efficient algorithms have
been indirect, via solving SimulSubsetSum instances.

2 Preliminaries

Notations. N,Z and Q denotes the set of all natural numbers, integers and
rational numbers respectively. Let a, b be two m-bit integers. Then, a//b denotes
a/b® where e is the largest non-negative integer such that b°|a. Observe that
a/ /b is not divisible by b and the time to compute a//b is O(mlog(m) - log(e)).
Also, O(N) denotes N - poly(log N).

For any positive integer n > 0, [n] denotes the set {1,2,...,n} while [a,b]
denotes the set of integers i s.t. a < i < b. Flzy,..., 2] denotes the ring of k-
variate polynomials over field F and F[[z1, ..., xk]] is the ring of power series in
k-variables over F. We will use the short-hand notation « to denote the collection
of variables (z1,...,xy) for some k. For any non-negative integer vector e € ZF,
x€ denotes Hle x{'. Using these notations, we can write any polynomial f(x) €
Zx] as f(x) = > cg fe - x° for some suitable set S. We denote coefge(f), as
the coefficient of ® in the polynomial f(x) and deg, (f) as the highest degree
of z; in f(x).

Lemma 1 (Kane’s Identity [16]). Let f(x) = Z?:o c;xt be a polynomial of
degree at most d with coefficients c; being integers. Let F, be the finite field of
order ¢ =p* > d+2. For 0 <t <d, define

re=y a7 f(@) = —¢, €F,

z€lF?
Then, ry =0 <= ¢ is divisible by p.

Theorem 4 ([21]). For n > 25, there is always a prime in [n,6/5 - n].
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The following is a naive bound, but it is sufficient for our purpose.
Lemma 2. For integers a > b > 1, we have (a/b)b < 92Vab,

Proof. Let x = \/a/b. We need to show that z%* < 225 which is trivially true
since z < 2%, for z > 1.

3 Time-efficient algorithm for Subset Product

In this section, we give a randomized O(n + to(l)) expected time algorithm for
Subset Product. Essentially, we factor all the entries in the instance in O(n—i—t"(l))
expected time. Once we have the exponents, it suffices to solve the correspond-
ing SimulSubsetSum instance. Now, we can use the efficient randomized algorithm
for SimulSubsetSum to finally solve Subset Product. So, first we give

an efficient algorithm for SimulSubsetSum.

Theorem 5 (Algorithm for SimulSubsetSum). There is a randomized O(kn+
[Licp (2ti+1))-time algorithm that solves SimulSubsetSum, with target instances
thoeeoith

Proof. Let us assume that the input to the SimulSubsetSum problem is & SSUM

instance of the form (a1, ..., an;,t;), for j € [k]. Define a k-variate polynomial
f(x), where & = (z1,...,x), as follows:
n k
fl®) = H 1+ H x‘;”
i=1 j=1

Here is an immediate but important claim. We denote the monomial m :=
Hle 2t and coefy, (f) as the coefficient of m in the polynomial f(x).

Claim 1. There is a solution to the SimulSubsetSum instance, i.e., 35S C [n] such
that > . g ai; = t;,Vj € [k] iff coefrn (f(x)) # 0.

Therefore, it is enough to compute the coefficient of f(x). The rest of the proof
focuses on computing f(x) efficiently, to find coef,, (f).

Let p be prime such that p € [N + 1, (n + N)3], where N := Hf:1(2ti +1).
Define an ideal Z, over Z[x] as follows: Z := (2* ™' ... 2i**! p). Since, we are
interested in coef,, (f), it suffices to compute f(x) mod <x§1+1, - ,m};’“"'l% and
we do it over a field F,, (which introduces error); for details, see the proof in the
end (Randomness and error probability paragraph).

Using we can compute all the coefficients of In(f(z)) mod Z in
time O(kn + [[,_, t:). It is easy to see that the following equalities hold.

f(x) mod T = exp(In(f(x))) mod Z = exp(In(f(x)) mod Z) mod T .

Since, we have already computed In(f(x)) mod Z, the above equation implies
that it is enough to compute the exponential which can be done using
This also takes time O(kn + Hle(Qti +1)).
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Randomness and error probability. Note that there are £2(n + N)? primes in the
interval [N +1, (n+N)3]. Moreover, since coef,, (f) < 27, at most n prime factors
can divide coef,,,(f(x)). Therefore, we can pick a prime p randomly from this
interval in poly(log(n+ N)) time and the probability of p dividing the coefficient
is O(n+N)~!. In other words, the probability that the algorithm fails is bounded
by O ((n+ N)™'). This concludes the proof. O

We now compare the above result with some obvious attempts to solve
SimulSubsetSum, before moving into solving Subset Product.
A detailed comparison with time complexity of [16]. Kane [I6] Sec-
tion 3.3] showed that the SimulSubsetSum problem can be solved deterministi-
cally in CO®) time and O(klog C) space, where C := > @ij 2, tj+1, which
could be as large as (n + 1) - (3¢, tj) + 1, since a;; can be as large as ¢;.
As argued in [I4], Corollary 3.4 and Remark 3.5], the constant in the exponent,
inside the order notation, can be as large as 3 (in fact directly using [16] gives
a larger constant; but modified algorithm as used in [I4] gives 3). Use AM-GM
inequality to get

3k 3k
AM-GM

k
2
n+1)-O t)+1] > %-th—kl > (2t; +1)° .
J J j=1

J

Assuming N = Hle (2t; + 1), our algorithm is near-linear in N while Kane’s
algorithm [16] takes O(N?3) time; thus ours is almost a cubic improvement.

Comparison with the trivial algorithm. It is easy to see that a trivial
O(n-(t1+1)(ta+1)...(tx+1)) time deterministic algorithm for SimulSubsetSum
exists. Since, t; > 1, we have

n ook n n
5'H(1+ti)25'2 > kn, and §-H(1—|—ti)22k+l.H(2ti+1).
i€ k]

Here, we used 2(1+ ) > (22 + 1), for any « > 1. Therefore, n - [[;c (1 +t:) =
kn +n/2F1 . T[(2t; + 1). Thus, when k = o(logn), our complexity is better.

3.1 Proof of [Theorem 1]

Once we have designed the algorithm for SimulSubsetSum, we design a time-
efficient algorithm for

Proof. Let (a1,...,an,t) € Z;Lz)'l be the input for Subset Product problem. With-
out loss of generality, we can assume that all the a; divides ¢ because if some a;
does not divide ¢, it will never be a part of any solution and we can discard it.
Let us first consider the prime factorization of ¢ and a;, for all j € [n]. We will
discuss about its time complexity in the next paragraph. Let
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k
zl_lp;j7 Hpe” VZE TL]7
Jj=1

where p; are distinct primes and t; are positive integers and e;; € Z>¢. Since,
p; > 2, trivially, Zle t; < log(t), and Zle ei; < log(t),j € [n]. Also, the
number of distinct prime factors of ¢ is at most O(log(t)/loglog(¢)); therefore,
kE = O(log(t)/ loglog(t)).

Time complexity of factoring To find all the primes that divide ¢, we will use the
factoring algorithm given by Lenstra and Pomerance [18] which takes expected
o) time to completely factor ¢ into prime factors p; (including the exponents
t;). Using the primes p; and the fact that 0 < e;; < log(t), computing e;;
takes log2(t) loglog(t) time, by performing binary search to find the largest «
such that p} | a;. So, the time to compute all exponents e; ;,Vi € [n],j € [k] is
O(nklog?(t) loglog(t)). Since, k < O(logt/loglog(t)), the total time complexity
is O(n + t°M).

Setting up SimulSubsetSum Now suppose that S C [n] is a solution to the
Subset Product problem, i.e., [[,ga; = t. This implies that
Zeij = t;, Vj e [k‘]

i€S
In other words, we have a SimulSubsetSum instance where the j** SSUM in-
stance is (e1j, €25, - -, €nj, t;), for j € [k]. The converse is also trivially true. We

now show that there exists an O(kn + [Ticpy (2t + 1)) time algorithm to solve
SimulSubsetSum.

Randomized algorithm for Subset Product Using we can decide the
SimulSubsetSum problem with targets ¢y, ...,t; in O(kn + [Licp (2t + 1)) time
(randomized) while working over F,, for some suitable p (we pomt out towards the
end). Since k < O(log(t)/ loglog(t )) we need to bound the term T, (2t +1).
Note that,

H (2t; +1) = Z 25l (H ti)
SCIH]

1€[k] icS

IA

2219' Ht

1€[k]

3 Expected time complexity is exp(O(y/Iogtloglog?)), which is smaller than
1O/ Vioglogl) — o) which will be the time taken in the next step. Moreover,
we are interested in randomized algorithms, hence expected run-time is
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We now focus on bounding the term Hie[k] t;- By AM-GM,

[It< (Zek[k]ty (logk(t)>k

i€lk)

20( Flog(r)) [Lemma \
9O (V/los(n)?/Tog log (1))
10(1/+/loglog(t)) _ 4o(1)

Note that the prime p in the[Theorem 5 was p € [N +1, (n+N)?], where N :=
Hf:1(2ti +1) — 1. As shown above, we can bound N = t°). Thus, p < O((n +
t°1))3), as desired. Therefore, the total time complexity is O(n log(t)/ log log(t)+
t°M) = O(n + t°M). This finishes the proof. O

IN

IN A

IN

Removing the expected-time If one wants to understand the worst-case analysis,
we can use the polynomial time reduction from Subset Product to SimulSubsetSum
in [section 4] Of course, we will not get prime factorization; but the pseudo-prime
factors will also be good enough to set up the SimulSubsetSum with similar pa-
rameters as above, and the SimulSubsetSum instance can be similarly solved in
O(n + t°(1) time. Since the reduction takes n2poly(logt) time, the total time
complexity becomes O(n? + t°M).

4 An efficient reduction from Subset Product to
SimulSubsetSum

In this section, we will present a deterministic polynomial time reduction from
Subset Product to SimulSubsetSum. Infsection 3 we have given a pseudo-polynomial
time reduction from Subset Product to SimulSubsetSum by performing prime-
factorization of the input (ai,...,an,t). The polynomial time reduction also
requires to factorize the input, but the factors are not necessarily prime. To be
precise, we define pseudo-prime-factorization which can be achieved in polyno-
mial time.

Definition 1 (Pseudo-prime-factorization). A set of integers P C N is said
to be pseudo-prime-factor set of (ay,...,a,) € N" if

1. the elements of P are pair-wise coprime, i.e., Vp1,ps € P, gcd(p1,p2) = 1,

2. there are only non-trivial factors of a;’s in P, i.e., Vp € P,3i € [n] such that
p | Ay,

3. every a;’s can be uniquely expressed as product of powers of elements of P,
i.e., Vi € [n],a; = [[,ep P, Vi € [n] where e, > 0.

For a given (a1, ...,ay), P may not be unique. A trivial example of a pseudo-
prime-factor set of P for (ai,...,a,) is the set of all distinct prime factors
of [T, a;. The following is an important claim which will be used to give a
polynomial time reduction from Subset Product to SimulSubsetSum.
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Claim 2. For any pseudo-prime-factor set P of (ay,...,ay), we have |P| < k
where k is the number of distinct prime factors of [} a;.

Proof. The proof uses a simple pigeonhole principle argument. Let ¢1,..., gk
be the distinct prime factors of []); a;. From the definition of P, we know
that g1, ..., gx are the only distinct prime factors of HpeP p. Therefore, if there
are more than k numbers in P, then there must exist p;,p2 € P such that
ged(p1, p2) # 1 which violates pair-wise coprime property of P. ad

Constructing P suffices We now show that having a pseudo-prime-factor set P
for (a1,...,an,t) helps us to reduce a Subset Product instance (a1, ..., an,t) to
SimulSubsetSum with number of instances |P|, in polynomial time. Wlog, we can
assume that a; [t and a;,t < 2™ Vi € [n] for some m. Trivially, m < logt. So,
using [Claim 2| we have |P| < (n+ 1) - m = poly(nlogt).

From we have unique non-negative integers e;; and ¢; such that
t = [ljeip pj and a; = Hjemp;?‘j,w € [n]. Since, a;|t, we have e;; < t; <
m, Vi € [n],j € [|P|] and they can be computed in poly(m,n) time.

Let us consider the |P| — SimulSubsetSum instance where the i** SSUM in-
stance is (e14, €24, - - - , €ni, ;). Then, due to factorization property (the third prop-
erty in [Definition 1] of P, the Subset Product instance is YES, i.e., 35 € [n] such
that [[;cg a:; =t iff the SimulSubsetSum instance with number of instances |P|,
is a YES.

4.1 Polynomial time algorithm for computing pseudo-prime-factors

We will now present a deterministic polynomial time algorithm for computing a
pseudo-prime-factor set P for (ay, ..., a,). We will use the notation P(aq,...,a,)
to denote a pseudo-prime-factor set for (aq,...,a,). Also, let S(ay,...,a,) be
the set of all pseudo-prime-factor sets; this is a finite set.

The following lemma is a crucial component in [algorithm 1} We use a//b to
denote a/b° such that bt { a.

Lemma 3. Let (ai,...,a,) be n integers. Then,

1. If a1 is coprime with a;,Vi > 1, then for any P(as,...,a,) € S(az,...,a,),
Pag,...,an) U{a1} € S(a1,...,an).
2. P(g,a1//g,a2//g,--.,an//g) € S(a1,...,ay), for given a;, i € [n] and any
factor g of some a;.
Proof. The first part of the lemma is trivial. For the second part, let g be a
non-trivial factor of some a; and

P = {plv'“vpk} € S(g7a1//g7a2//g’""an//g)7

be any pseudo-prime-factor set. Then, p;’s are pair-wise coprime and since each
p; divides either g or a;//g for some i € [n], it also divides some a; because g is
a factor of some a;. Also, we have unique non-negative integers e;p, egp s.t.

ai//g= ] p7".¥i€n] and g = [ pr .

peP peP
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Combining these equation, we get a; = a;//g * g/is = Hpeppew“‘ew*fig. Here
fig is the maximum power of g that divides a;. Therefore, {p1,...,px} is also a
pseudo-prime-factor set for (ai,...,an). O

Pre-processing Using [Lemma 3| |algorithm 1| performs a divide-and-conquer ap-
proach to find P(aq,...,a,). Observe that we can always remove duplicate
elements and 1’s from the input since it does not change the pseudo-prime-
factors. Also, we can assume without loss of generality that a;//a; =: a;,Vi >
1 because of the second part in with ¢ = aq, since it gives us
P(a1,a2//g,...,an//g) and we know it suffices to work with these inputs.

If @y is coprime to the rest of the a;’s, then the algorithm will recursively call
itself on (ag, ..., a,) and combine P(aq,...,a,) with {a;}. Else, there exists an
i > 1 such that ged(ay,a;) # 1. So, the algorithm finds a factor g of a; using
Euclid’s GCD algorithm and computes P(g,a1//g,...,an//g). At every step we
remove duplicates and 1’s. Hence, the correctness of is immediate
assuming it terminates.

To show the termination and time complexity of we will use the
‘potential function’ P(I) := [],c; a, where I is the input and show that at each
recursive call, the value of the potential function is halved. Initially, the value
of the potential function is [];_, a;. We also remark that since the algorithm
removes duplicates and 1’s; the potential function can never increase by the
removal step and so it never matters in showing the decreasing nature of P.

1. a; is coprime to the rest of the a;’s: In this case, the recursive call has input

(ag,...,ay). Since, a; > 2, the value of potential function is
n n
Plag,...,an) = [Jai < ([Ja:)/2 = Plar,...,an)/2.
i=2 i=1

2. ay shares a common factor with some a;. Let g = ged(ay,a;) # 1. Since, we
have assumed a;//a; = a;, this implies that a; is not a multiple of a;. This
implies that 2 < g < ay/2. Therefore, the new value of potential function is

P(gaal//g""van//g)

= gHaj//g

< (a1//9) x ((ai//g) x9) x ] a
jem\{1,i}

< ;'gag‘

< ([[ei)/2 = Plar,...,a0)/2.

We used the fact that since, 2 < g|a;, therefore, g x (a;//g) < a;.
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Time complexity In both the cases, the value of the potential function is halved.
So, the depth of the recursion tree (in-fact, it is just a line) is at most log([ ]}, a;) <
m - n. Also, in each recursive call, the input size is increased at most by one but
the integers are still bounded by 2™. This implies that input size, for any re-
currence call, can be at most (m + 1) - n. Since there is no branching, the total
number of operations is (m+1)-n xm-n = O((mn)?). Therefore, the total time
complexity is n? - poly(m).

Algorithm 1: Algorithm for Pseudo-prime-factor set

Input: (a1, az...,a,) € N® where each a; is an m-bit integer such that
ai//al =a; > 1,Vi >1
Output: Pseudo-prime-factor set P for (a1,as,...,a,)
if n == 0 then
‘ return 0;

end
if 3i > 1 such that ged(aq,a;) # 1 then
g = ged(ar, a;);
I'={gh
for i € [n] do

a; = a;//g;

if a} ¢ I and a} # 1 then

‘ I=T1U{d;}
end

© 0 N o AW N

o
= o

end
return P(I);
end
else
| return P(az,...,a,) U{a1};
17 end

e
W N

e e
[ L

5 Conclusion

In this paper, we give efficient algorithms for [Problem 12| which are variants of
SSUM problem. We also present an efficient reduction from Subset Product to
SimulSubsetSum. Here are some immediate questions to investigate.

1. Can we improve the complexity of to O(n + Zle t;)?
2. What can we say about the hardness of SimulSubsetSum with k& subset sum
instances where k = w(log(n))?
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A Space-efficient algorithm for Subset Product

The proof of[Theorem 2] uses the idea of reducing Subset Product to SimulSubsetSum
and then solving SimulSubsetSum by computing the coefficient of f(z) = [];-, (1 + H;?:l x%)

J

where « = (z1,...,2) using an extension of We cannot directly
use [16] as it requires large space (O((n + log(nt))log(t)) space to be precise)
to store the SimulSubsetSum instance; for this discussion refer to the paragraph
in the next page after the remark. So, here instead we compute the coefficient
of f(x) without storing the SimulSubsetSum instance using [Lemma 4|

The low space algorithm presented in this proof depends on the generalisation
of Here we present Kane’s identity for bivariate polynomials which
can be easily extended to k-variate polynomials.

Lemma 4 (Identity lemma [16]). Let f(z,y) = Y0, jio ¢ Ty be a

polynomial of degree at most di + da with coefficients c; ; being integers. Let F,
be the finite field of order ¢ = p™ > max(dy,d2)+1. For0 <t <dj,0 <ty <da,
define

Tt = Z Z xq—l—t1yq—1—t2f($7y) = Ctyty € Fq

z€F? yeF;
Proof. Let n be a positive integer, then the two following identities hold:

Identity 1. 3", g 2™ = —1 if ¢ — 1| n because 2" = 2(4=1™ =1 due to Fermat’s Little
q

theorem.
Identity 2. ) cp. 2™ =0, if ¢ —1{ n. This is because we can rewrite the summation as
q
gnta—b —1

23;02 gin = 9717_1 = 0 where g is a generator of Fy.

Let us now consider 35, cp. Y, cp. 277 71y f(z, y).
q < q

dy  do
Z Z xq—l—tlyq—l—tzf($7y) — Z Z g1ty 1t chiﬂ.xiyj
z€F? yelFy: z€Fy yelF? =0 j=0
dy  do
— Z ZCW Z Z xq—l—t1+iyq—1—t2+j
i=0 j=0 z€F* yeFy
= Z Cij Z Z gttty a1t
1€[0,d1]\{t1} z€F} yeF;
J€[0,d2]\{t2}
T Cyty
= Ciy,to

Observe that when i € [0,d1] \ {t1}, we have > _p 2971711 = 0 because
li—t1] <dy <q—1 = qg—1+41i—t; is not a multiple of ¢ — 1. The same goes
for Jj e [O, d2] \ {tg}. O
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» Remark. can be easily extended to k variables which was used
by the authors of [16] to solve SimulSubsetSum with & many SSUM instances

in space O(klog(n Zle t;)) and time (poly(n,ty,...,t;))°®*). In this case, the
order of the finite field must be greater than max(dy,...,dx) + 1 where d;’s are
the individual degrees of the polynomial. ad

Now we briefly discuss the issue on directly using Kane’s result [16] below.

Issue with directly invoking [16] We can reduce a Subset Product instance (a1, ..., ay,t)
to a SimulSubsetSum instance containing k& SSUM instances (e14, - . . , €n4, t;), Vi €
[k] where k < log(t), by using The space required for the SimulSubsetSum

instance is the number of bits in e;;,¢;. We know that a; = H?lef” =
93251 log(es;) < 95251 €is < a; because p; > 2,Vi € [k]. Therefore, we have
>ijlog(ei;) < 30, log(a;) < nlog(t). Similarly, 37, log(t;) < log(t). There-
fore, the space required for the SimulSubsetSum is O(n log(t)). And, if we directly
use the low-space algorithm for SimulSubsetSum from [I6], the total space com-

plexity would become O((n + log(nt)) - log(t)).

A.1 Proof of [Theorem 2|

To avoid the n-factor in the space complexity, we will not store the entire
SimulSubsetSum instance. Instead, for each summation in the & variate version
of we will compute the values of e;; and t; and discard them after

using it. To be precise, for g = (t1,...,tx), we have
k
= (0 Y st T
ze(Fr)k i=1

where f(z) =[], (1 + H?Zl x;”) and cg = coefy(f(x)). The values of e;; and

t; is only required in f(x) and Hle xffl*ti respectively. Since, e;; and t; are the
powers of p; in a; and ¢ respectively, we can’t use pseudo-prime-factorization as
this would require us to use O(nlog(t)) space to compute a pseudo-prime-factor
set. Therefore, we will use naive prime-factorization algorithm that runs in O(t)
time which is affordable because we are interested in poly(knt).

Choosing the prime ¢ Observe that the total degree of f(x) is Zij ei; < n-
(3>, ti) < nlogt because 0 < e;; < t; and ) . t; < log(t). Therefore, the
maximum individual degree is bounded by nlog(t). Since, requires
a prime ¢ that depends on the maximum individual degree of the polynomial,
it suffices to work with N = [nlog(t)] and ¢ > N. Observe that we need to
compute the coefficient modulo ¢, therefore, we need to ensure that ¢ does not
divide the coefficient. To achieve this, we will use for different primes
q € [N + 1, (n+ N)3] which contains 2(n + N)? prime. This works because the
coefficient can be at most 2™, therefore, it will have at most n prime factors. So,
at least one prime in the range will not divide the coefficient.
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Computing f(x) and Hle xg_l_ti using low space We will make sure that ¢; is
the exponent of the it smallest prime factor of t. To find an €5, we will first
find the i** smallest prime p; that divides t and then compute the largest power
of p; that divides a;. Once, we find e;;, we can use it to compute H;Ll x;”

part of f(x) and discard it as shown in [algorithm 2| Similarly, we can compute
k —1—t;
[Tizy o

Space and Time complexity Observe that [algorithm 2| uses only O(log(nt)) space
for variables that are used throughout the algorithm and reuses O(log(t)) space

while computing t;, e;;, p¢ values. It uses klog(nt) = O(log?(nt)) space for y,
therefore, the total space complexity is O(log®(nt)). Whereas the time complex-
ity is poly(nt) because each loop runs for poly(nt) iterations and finding the
exponents take O(t) time.

B Reductions between SimulSubsetSum and SSUM

In this section, we prove some hardness results. These proofs are very standard,
still after different feedback, we give the details for the brevity.

Theorem 6 (Hardness of 2—SimulSubsetSum). There is a deterministic poly-
nomial time reduction from SSUM to 2 — SimulSubsetSum.

Proof. Let (ai,...,an,t) be an instance of SSUM. Consider the following 2 —
SimulSubsetSum instances, Sp = [(a1, ..., an,t), (1,0,...,0,b)], where b € {0,1}.
If the SSUM instance is NO, then both the 2 — SimulSubsetSum are also NO. If
the SSUM instance is a YES, then we argue that one of the S, instance must
be YES. If SSUM instance has a solution which contains a;, then S; is a YES
instance whereas if it does not contain a1, then Sy is a YES instance. a

Eaxtension to log —SimulSubsetSum. The above reduction can be trivially ex-
tended to reduce SSUM to SimulSubsetSum, with number of SSUM instances
k = O(logn). In that case we will work with instances S, for b € {0, 1}*. Since
the number of instances is 2¥ = poly(n), the reduction goes through.

We will now show that 2 — SimulSubsetSum reduces to SSUM which again
can be generalised to SimulSubsetSum, for any number of SSUM instances k.

Theorem 7 (2 — SimulSubsetSum is easier than SSUM). There is a deter-
ministic polynomial time reduction from 2 — SimulSubsetSum to SSUM.

Proof. Let [(a1,...,an,t1),(b1,...,bn,t2)] be a 2 — SimulSubsetSum instance
where without loss of generality t; < t5. Also, we can assume that ¢; < Z?:l a;,
otherwise it does not have a solution.

Now, consider the SSUM instance (vb; + a1, ...,7vb, + an,yta + t1), where
v:=1+>" a;. If the 2 — SimulSubsetSum instance is YES, this implies that
there exists S C [n] such that ), ga; =t and ), ¢ b; = to. This implies that
ZieS ~vb; + a; = yta + t1 and hence the SSUM instance is also YES.
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Algorithm 2: Algorithm for solving Subset Product using low space

Input: A Subset Product instance (ai,...,an,t) € N**!

Output: Decides whether the Subset Product instance has a solution
1 k=0;
2 for each prime p; |t do

3 | k=k+1;
4 end
5 N = [nlog(t)];
6 for each prime ¢ € [N +1,(n + N)*] do
7 cg = 1;
8 for each y € (F;)" do
9 prodxis = 1;
10 for i € [k] do
11 Compute i*" smallest prime that divides ¢ and find ¢;;
12 prodz, = prodzy * y! '
13 Discard t;;
14 end
15 f=1;
16 for i € [n] do
17 prodxre = 1;
18 for j € [k] do
19 Compute j*" smallest prime p; that divides ¢;
20 Using p; compute e;; which is the largest integer such that
Py | ai;
21 prodzs = prodzs * y;“;
22 Discard p; and ey ;
23 end
24 f=f*(1+prodzs);
25 end
26 cg = f*prodxi;
27 end
28 if cg # 0 then
29 ‘ return True;
30 end
31 end

32 return False;
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Now, assume that the SSUM instance is YES, i.e., there exists S C [n] such
that ZiES ")/b1+az = ’)/tg +tq. This implies that ’}/(tgfzies bl)+(t1 7Zi65 ai) =
0. If t # > ;g @i, then from the previous equality, (f; — ). g @) is a non-zero
multiple of v = |t = ,.ga;| > 7. However, by our assumption,

t1§Zai:>t1—Zai§ Zal<1+2a1:'y
i=1 €S i€[n]\S i€[n]
Moreover, t; — >, .ga; > —7, holds trivially, since v > Zie[n] a; and 1 > 0.
Therefore, |, — > ,cgai| < v which implies that both t; — ), qa; = 0 and
ty — Zies b; = 0. Hence, the 2 — SimulSubsetSum instance is also YES. a

C Fast multivariate polynomial multiplication

In this section, we will study the time required to compute

n

k

— ag ti+1totl tht1

A(xy,...,z1) = || 1+||a:j] mod (7', x2" .2 p)
i=1 j=1

for some prime p. The case when k = 1 has been studied in [I5 Lemma 5] where
the authors gave an O(n + t1) time algorithm for p € [t; + 1, (n + 1)?].

Since the degrees of the variables are different, one needs to be careful while
doing multivariate FFT; a loose calculation would give O((2maxt; + 1)¥) time
solution which is bad for us. For the sake of completeness, we give the details.
Most of the techniques below are essentially adapted and generalized from [I5].

Below, we always work with the field ), for a suitably chosen prime p.
For the SimulSubsetSum with & many SSUM instances, let the target values be
t1,...,tg. Define N := 2t - Hf;ll(%ﬁrl). Choose a prime p € [N+1, (n+N)3].
Since logp = O(log(n + Hf:l(%i +1))), it can be taken inside O, in all the
time-complexity expressions.

Lemma 5 (Fast multivariate exponentiation). Let x = (z1,...,x) and
flx) =YL fi(x) - 2% € Fylz] where fi(x) € Fplao, ..., x1] such that

1. f(x) mod (x1,...,zk) =0, i.e. the constant term of f(x) is 0, and,

2. deg, (f) =t;, for positive integers t;.

Then, there is an é(Hle(Qti + 1)) time deterministic algorithm that computes
a polynomial g(z) € Fylz] such that g(x) = exp(f(z)) mod (xi* ™' ... xfF*h)
over .

Proof. Let g(z) = exp(f(x)) = > oo 9i(22, ..., xx)-2}, where g; € Fp[[zo, ..., zx]].
Differentiate wrt z; to get:
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By comparing the coefficients of =} on both sides, we get (over F)):

i—1

_ -1 ty+1 o1
gi = i - g fi—j-g; mod (x2™ ...,z
j=0

O
where go = 1. By initializing go = 1, the rest g; to 0 and calling Compute(0,t;)
procedure in jalgorithm 3] we can compute all the coefficients up to x’il, in the

polynomial g(x) mod <£Ut22+1, e ,xfj“), over [F,,.

Algorithm 3: Algorithm for Compute(¢,r)

Input: integers ¢, and polynomials f;, g;
Output: Updated values of g;

1 if £ <r then

2 | m=[(l+7)/2];

3 Compute(£,m);

4 forie {m+1,...,r} do

5 ‘ gi = gi + it Z;n:z(l - j)fi—jgj mod <xt22+17mé3+17 s ’kaJrl’p);
6 end

7 Compute(m + 1,7);

8 end

9 return gy, ..., 9r;

To speed up this algorithm, we can set A(xz) = Z:;(f if;xl and B(x) =

ta+1 tk+1>
2

Z;ZBL] gi+ewt; here the f; and g4, have been computed modulo (z U 3%

already. Use multidimensional FFT [7, Chapter 30] to compute C'(x) = A(x)B(x)

to speed up the for loop which takes O(Hle(Qti +1) log(Hle(Qti +1))) time.

Observe that Z;n:é(i — j)fi—jg;j is the coefficient of zi~¢ in C(z); impor-
tantly deg, (C') < 2t;, for i > 2. The extraction of the coefficient of 2} in C(x)
for all i, mod (zi2t! 2™ ... 2" can be performed in O(Hf=1(2ti + 1))
time. This is done by traversing through the polynomial and collecting coef-
ficient along with monomials having the same z¢ term (and there can be at

most Hf:Q(Qti + 1) many terms). Thus, the total time complexity of computing

g(x) mod (xf T altt o abtly s
k
T(tr,ta,... te) = 20(t1/2.ta, ... 1) + O(JJ(2t: + 1))
i=1
~ k
= O([J2t:i + 1)),
i=1

as desired. O
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Lemma 6 (Fast logarithm computation). Let

Alz) = T, (1-1—1_[?:1 a:;h) Then, there exists an O(kn + Hle t;) time
deterministic algorithm that computes coefge(In(A(x))) mod p for all e, such
that e = (e, ..., er) with e; < ;.

n oo é—l k
aij\el
=3 (ST
i=1 ¢=1 j=1
Without loss of generality, we can assume that ¢; < ¢;,Vi > 1. Let C(x) := B(x)
mod (x] bl +17 p). Since, we are interested where the individual degree of

x; can be at most t , the index ¢ in the above equation (for a fixed ¢) must satisfy
a;; - £ < t; for eachj € [k]. This implies ¢ < t;/a;;, for j € [k]. Therefore, define
M, = min?zl [tj/aij]. Now, one can express C(x) using M, since it suffices to
look the index £ till M; (for a fixed 7), as argued before.

Importantly, note that the above equation involves Hj_l I * which has
individual degree > 0, since both a;;, £ > 1. Thus, define ' := {e = (e1,...,ex) €
7k | 1<e; <t;,Vie [k]} Then,

n M;

1)671 aijNg
Olx) = (IT=)

i=1 (=1 j=1
t1/e1 —1
e[ )
ecT (=1 j=1
where se = | {i € [n]| (as1,...,air) = e}|. Essentially, for a given s, the quan-

tity computes how many times a,; is equal to e;, for all j € [k]. Using s., we
can interchange the order of the summation as shown above. Moreover, we can
pre-compute Se, for all e € T in time O (/m + Hle ti>.

Observe that coefye (B(x)) = coefge (C(x)), for any (e1,...,ex) € T Since,
¢ <t; <p, {71 exists and can be pre-computed in O(t;).

» Time complexity. Observe that we have

t1/61

ey (I

ecT (=1
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to ts t1 tl/el Se X _ ﬁ
eg=1eg=1 ep=1 e1=1 ¢=1 j=1

The time taken to compute all coefze (C(x)), given se, is the number of iterations

over all (eg,...,ex), for 1 < e; < ¢;,4 > 1 and £ € [t/e1], which is at most
St /d] xﬂfzz t; = O(T];_ t:), since Y%, t1/j = O(t1logty). Thus, the
total time is O(kn + Hle t;). O

D Dynamic programming approach for Subset Product

In this section, we will briefly discuss the modification to Bellman’s dynamic
programming approach for SSUM to solve Subset Product in deterministic (ex-
pected) time O(nt°()).

The algorithm starts by removing all a; that does not divide ¢. Then using
the factoring algorithm in [I8], we can factor ¢ into prime factor p;, ie., t =
Hie[k] p;? = t, where k = O(log(t)/ loglog(t)). We now compute the DP table T
of size n X t1 X --- X tg such that

Tli,z1,...,x5] = 1, if and only if there exists S € [i], such that H a; = H pj
jES J€[k]

Observe that the time complexity of the algorithm is the time taken to
populate the DP table with either 1 or 0. Since the size of the DP table is

nx[], k] (1+1t;), using the similar analyse mentioned in [subsection 3.1} we can

bound the term [];c(, (1 + ) by t°(). Therefore, the total time complexity is
O(nt°™)).
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