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Abstract. Given (a1,...,an,t) € Zg’gl, the Subset Sum problem (SSUM)
is to decide whether there exists S C [n] such that ), g a; = t. Bellman
(1957) gave a pseudopolynomial time dynamic programming algorithm
which solves the Subset Sum in O(nt) time and O(t) space.

In this work, we present search algorithms for variants of the Subset
Sum problem. Our algorithms are parameterized by k, which is a given
upper bound on the number of realisable sets (i.e. number of solutions,
summing exactly t). We show that SSUM with a unique solution is al-
ready NP-hard, under randomized reduction. This makes the regime of
parametrized algorithms, in terms of k, very interesting.

Subsequently, we present an O(k: - (n+1)) time deterministic algorithm,
which finds the hamming weight of all the realisable sets for a subset
sum instance. We also give a poly(knt)-time and O(log(knt))-space de-
terministic algorithm that finds all the realisable sets for a subset sum
instance. Our algorithms use analytic and number-theoretic techniques.

Keywords: subset sum, power series, isolation lemma, hamming weight,
interpolation, logspace, Newton’s identities

1 Introduction: Variants of Subset Sum

The Subset Sum problem (SSUM) is a well-known NP-complete problem [,
p. 226], where given (ay,...,a,,t) € Z’;ng, the problem is to decide whether
there exists S C [n] such that ), ¢ a; = t. In the recent years, provable-secure
cryptosystems based on SSUM such as private-key encryption schemes [2], tag-
based encryption schemes [3], etc have been proposed. There are numerous im-
provements made in the algorithms that solve the SSUM problem in both the
classical [4,5,6,7,8] and quantum world [9,10,11]. One of the first algorithms was
due to Bellman [12] who gave a O(nt) time (pseudo-polynomial time) algorithm
which requires (2(t) space. One can ask for a search version of this problem,
i.e. to output all the solutions. Since there can be exponentially many solutions,
it could take exp(n)-time (and space), to output them. This motivates our first
problem defined below.

Problem 1 (k — SSSUM). Given (ay,...,a,,t) € Z%}', the k-solution SSUM
(k—SSSUM) problem asks to output all S C [n] such that >, ¢ a; = t provided
with the guarantee that the number of such subsets is at most k.

* The full version is available at this link.
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» Remark. We denote 1 —SSSUM as unique Subset Sum problem (uSSSUM). In
stackexchange, a more restricted version was asked where it was assumed that
k =1, for any realizable t. Here we just want & = 1 for some fixed target value
t and we do not assume anything for any other value t'.

Now, we consider a different restricted version of the k& — SSSUM, where
we demand to output only the hamming weights of the k-solutions (we call it
Hamming — k — SSSUM, for definition see Problem 2). By hamming weight of
a solution, we mean the number of a;’s in the solution set (which sums up to
exactly t). In other words, if @ - ¢ = t, where @ = (a1, ...,a,) and ¥ € {0,1}",
we want |v|1, the ¢;-norm of the solution vector.

Problem 2 (Hamming — k — SSSUM). Given an instance of the k — SSSUM,
say (ai,...,an,t) € Z;“gl, with the promise that there are at most k-many
S C [n] such that ), ga; = t, Hamming — k — SSSUM asks to output all the
hamming weights (i.e., |S]) of the solutions.

It is obvious that solving k —SSSUM solves Problem 2. Importantly, the deci-
sion problem, namely the HWSSUM is already NP-hard. The HWSSUM problem
is : given an instance (ai,...,an,t,w) € 22‘52, decide whether there is a solu-
tion to the Subset Sum with hamming weight equal to w. Note that, there is a
trivial Cook’s reduction from the SSUM to the HWSSUM: SSUM decides ‘yes’ to
the instance (ai,...,an,t) iff at least one of the following HWSSUM instances
(a,...,an,t,1), for i € [n] decides ‘yes’. Therefore, the search-version of HWS-
SUM, the Hamming — k — SSSUM problem, is already an interesting problem and
worth investigating.

In this work, we give various deterministic algorithms for Problem 1-2. Our
algorithms are algebraic and number theoretic in nature and mainly build upon
the previous power series techniques, by Jin and Wu [6] and sparse interpola-
tion [13].

1.1 Main results

In this section, we briefly state our main results. The leitmotif of this paper is
to give efficient algorithms for variants of SSUM, with a promise of a bounded
number of solutions. Our first theorem gives an efficient pseudo-linear O(n + t)
time deterministic algorithm for Problem 2, for constant k.

Theorem 1 (Algorithm for hamming weight). There is a O(k(n+t))-time
deterministic algorithm for Hamming — k — SSSUM.

» Remark (Optimality). We emphasize the fact that Theorem 1 is likely to be
near-optimal for bounded k, due to the following argument. An O(t'~¢) time
algorithm for Hamming — 1 —SSSUM can be directly used to solve 1 —SSSUM, as
discussed above. By using the randomized reduction (Theorem 3), this would give
us a randomized n®M ¢! ~-time algorithm for SSUM. But, in [14] the authors
showed that SSUM does not have n©M¢1=¢ time algorithm unless the Strong
Exponential Time Hypothesis (SETH) is false.
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Theorem 2 (Algorithms for finding solutions in low space). There is a
poly(knt)-time and O(log(knt))-space deterministic algorithm which solves k —
SSSUM.

» Remark. When considering low space algorithms outputting multiple values,
the standard assumption is that the output is written onto a one-way tape which
does not count into the space complexity; so an algorithm outputting knlogn
bits (like in the above case) could use much less working memory than kn logn;
for a reference see McKay and Williams [15].

» Comparison with the trivial algorithm. Consider the usual search-to-decision
reduction for subset sum: First try to include a; in the subset, and if it is fea-
sible then we subtract ¢ by a; and add a; into the solution, and then con-
tinue with as, and so on. This procedure finds a single solution, but if we
implement it in a recursive way then it can find all the &k solutions in k - n -
(time complexity for decision version) time; we can think about an n-level bi-
nary recursion tree where all the infeasible subtrees are pruned.

Theorem 1 is better than the trivial. Since number of solutions is bounded by &,
choosing a prime p > n+t+k suffices in [6], to make the algorithm deterministic.
Thus, the time complexity of the decision version is O((n +1t) log k). Hence, from
the above, the search complexity is O(kn(n+t)) which is worse than Theorem 1.
Theorem 2 is better than the trivial. For solving the decision problem in low
space, we simply use Kane’s O(log(nt))-space poly(nt)-time algorithm [16]. As
explained (and improved) in [7], the time complexity is actually O(n?t) and the
extra space usage is O(n) for remembering the recursion stack. Thus the total
time complexity is O(kn*t) and it takes O(n) + O(logt) space. While Theorem 2
takes O(log(knt)) space and poly(knt) time. Although our time complexity is
worse 2, when k < 20((”1"“)1_6), for € > 0, our space complexity is better.

1.2 Technical overview

All the algorithms presented in this paper consider that the number of solutions
is bounded by a parameter k. This naturally raises the question whether the
SSUM problem is hard, even when the number of solutions is bounded. We will
show that this is true even for the case when k = 1, i.e., uSSSUM is NP-hard
under randomized reduction.

Theorem 3 (Hardness of uSSSUM). There exists a randomized reduction
which takes a SSUM instance M = (ai,...,an,t) € Zggl, as an input, and

produces multiple SSUM instances SSy = (by, ..., by, t")), where £ € [2n?], such
that if

— M is a YES instance of SSUM = 3¢ such that SS; is a YES instance of uSSSUM;
— M is a NO instance of SSUM — V¢, 88, is a NO instance of uSSSUM.

3 Thm. 2 is not about time complexity; as long as it is pseudopolynomial time it’s ok.
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Proof. The core of the proof is based on the Lemma 1 (Isolation lemma). The
reduction is as follows. Let wy, ..., w, be chosen uniformly at random from [2n].
We define b; = 4n2a; + w;,V¥i € [n] and the ¢ SSUM instance as SS, =
(biy ... by, t) = 4n?t + ). Observe that all the new instances are different only
in the target values t(9).

Suppose M is a YES instance, i.e., 35 C [n] such that >
for £ =3, g ws, the SS; is a YES instance, because

Zbl —t(é) = 4TL2 (Zal —t) — <€—Zwl> = 0 .
i€S i€S i€S
If M is a NO instance, consider any ¢ and S C [n]. Since M is a NO instance,
An? (Y ,cgai — t) is a non-zero multiple of 4n?, whereas |¢ — Y, qw;| < 4n?,
which implies that

P> ai—t) = (L= w) #0 = Y b £t

€S ieS €S

ics @ = t. Then,

Hence, §S; is also a NO instance.

We now show that if M is a YES instance, then one of SS, is a uSSSUM.
Let F contain all the solutions to the SSUM instance M, ie. F = {S|S C
[n],> ;cg @i = t}. Since w;’s are chosen uniformly at random, Lemma 1 says
that there exists a unique S € F, such that w(S) = >, g w;, is minimal with
probability at least 1/2. Let us denote this minimal value w(S) as £*. Then,
S8y« 18 uSSSUM  because S is the only subset such that Zies w; = 0*. a

Proof idea of Theorem 1. First we sketch the idea for k& = 1. Suppose, we
have a uSSSUM instance such that the hamming weight of the unique solution
is w. Choose a prime ¢ = O(n+k+1t) and a primitive root p, i.e. ordy(p) = g—1
(for definition, see Definition 2). We can find them efficiently in O(n + k + t)
time.

Now, consider the following important polynomial f(z) = [T\, (1 4 p-2%).
Observe that the coefficient of zt in f is u%*. Therefore, by using Lemma 6, we
can find p* from f(z) and extract w, since ord,(¢) = ¢—1 > n > w. This solves
Hamming — 1 — SSSUM.

This idea can be extended to general k-SSSUM instance. Observe that, we
cannot directly use the above trick, for a single polynomial f(z), since, in this
case, the coefficient of z* is >, A\; - u*?, where w; are the hamming weights of
the solution, which occur \; times. Eventually, we want to create a polynomial
whose roots are of the form p*¢, so that we can first find the roots pu™¢ (over
F,), and from them we can find w;. To achieve that, we work with k-many
polynomials f; := [, (1 + p/ - %), for j € [k]. Note that the coefficient of z*
in f; is of the form ), . A; - /™ (Claim 2). By Newton’s Identities (Lemma 3)
and Vieta’s formulas (Lemma 4), we can now efficiently construct a polynomial
whose roots are p"i. For details, see section 3.

Proof idea of Theorem 2. The above polynomial method fails to give a low
space algorithm, since Lemma 6 requires {2(¢) space (eventually it needs to store
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all the coefficients mod x**!). Therefore, our proof idea of Theorem 2 is com-
pletely different from that of Theorem 1. Here, we work with a multivariate poly-
nomial f(z,y1,...,Yn) = [[1oy (1 + y;z*) over Fy, for a large prime ¢ = O(nt)
and its multiple evaluations f(a,c1,...,c,), where (a,c1,...,¢,) € IF;‘H.

Observe that, the coefficient of z* in f is a multivariate polynomial p;(y1, - . ., Yn);
each of its monomial carries the necessary information of a solution, for the in-
stance (ay,...,an,t). More precisely, S is a realisable set of (a1,...,a,,t) <
[I;csyi is @ monomial in p;. And, the sparsity (number of monomials) of p; is
at most k.

Therefore, it boils down to find the multivariate polynomial p;. How easy
it is to find p;? Note that we cannot expect to find p;, just by trivial multipli-
cation as it would take O(2"t) time! Instead, our algorithm is a reconstruction
algorithm, which efficiently reconstructs p;, from multiple evaluations points

flaser,...ycn), for a € Fy. Eventually, we will use sparse interpolation [13]
(see Theorem 6), which requires evaluations of the polynomial p;(y1,...,y,) at
multiple (polynomially many) points (cy,...,c,) € Fy. To find p¢(cy, ..., cn), we
use Kane’s identity (Lemma 2) which uses the evaluations f(«,cq,...,¢y), for

a € [1,q—1]. Finding p¢(c1, . . ., ¢,) can be efficiently done in logspace. The rest
(to reconstruct p;) requires a brief space complexity analysis of [13]. For details,
refer to section 4.

1.3 Prior works and their limitations

Before going into the details, we briefly review the state of the art of the prob-
lems (& its variants). After Bellman’s O(nt) dynamic solution [12], Pisinger [17]
first improved it to O(nt/logt) on word-RAM models. Recently, Koiliaris and
Xu gave a deterministic algorithm [18,19] in time O(y/nt), which is the best de-
terministic algorithm so far. Bringmann [5] & Jin and Wu [6] later improved the
running time to randomized O(n + t). All these algorithms require £2(t) space.
Moreover, most of the recent algorithms solve the decision versions. Here we
remark that Abboud et al. [14] recently showed that SSUM has no t!=<n©(%)
time algorithm for any € > 0, unless the Strong Exponential Time Hypothesis
(SETH) is false. Therefore, the O(n +t) time bound is likely to be near-optimal.

In [18] (also see [19, Lemma 2]), the authors gave a deterministic O(nt) algo-
rithm that finds all the hamming weights for all realisable targets less than equal
to t. Their algorithm does not depend on the number of solutions for a particular
target. Compared to this, our Theorem 1 is faster when k = o(n/(logn)®), for
a large constant c. Similarly, with the ‘extra’ information of k, we give a faster
deterministic algorithm (which even outputs all the hamming weights of the so-
lutions) compared to O(y/nt) decision algorithm in [19,18] (which outputs all
the realisable subset sums < t), when k = o(y/n/(logn)¢), for a large constant c.
Here we remark that the O(nt)-time dynamic programming algorithm [12] can
be easily modified to find all the solutions, but this gives an O(n(k + t))-time
(and space) algorithm solution.

On the other hand, there have been quite some work on solving SSUM in
LOGSPACE. Lokshtanov and Nederlof [20], and Kane[16] (2010) gave O(lognt)
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space poly(nt)-time deterministic algorithm, which have been very recently im-
proved to O(n?t)-time and polylog(nt) space. On the other hand, Bringmann
[5] gave a nt't€ time, O(nlogt) space randomized algorithm, which have been
improved to O(lognloglogn + logt) space in [7]. Again, most of the algorithms
are decision algorithms and do not output the solution set. In contrast to this,
our algorithm in Theorem 2 uses only O(log(knt)) space and outputs all the
solution sets, which is near-optimal.

Finally, we remark that in the proof of Theorem 1, we extend analytic tools
from [6] to our advantage (see Lemma 6), yet our algorithm for Theorem 1 is
deterministic (unlike in [6]).

2 Preliminaries and Notations

Notations. Z and QQ denotes the set of all integers and rationals, respectively.
For any integer n > 0, [n] denotes the set {1,2,...,n}, while 2[" denotes the set
of all subsets of [n]. log denotes log,. We also denote O(g) to be g - poly(log g).

Sparsity of a polynomial f(x1,...,z,) € F[z1,...,x,] over a field F, denotes
the number of nonzero terms in f.
A weight function w : [n] — [m], can be naturally extended to a set

S € 2", by defining w(S) = Y, 5 w(d).

Definition 1 (Subset Sum problem (SSUM)). Given (a1, ..., an,t) € Z%{,
the subset sum problem is to decide whether t is a realisable target with respect
to (ai,...,ay), i.e., there exists S C [n] such that ), g a; =t. Here, n is called
the size, t is the target and any S C [n] such that Y. g a; =t is a realisable set
of the subset sum instance.

i€S

Assumptions. Throughout the paper, we assume that ¢ > max a; for simplicity.
Also, we work in the Turing model where basic operations like addition and
multiplication over F, are not unit-cost unlike Word Ram model considered
in [6], for simplicity; in the word RAM model our results will give slightly better
result shaving one log p factor.

Lemma 1 ([21, Isolation Lemmal). Let n and N be positive integers, and
let F be an arbitrary family of subsets of [n]. Suppose w(x) is an integer weight
given to each element x € [n] uniformly and independently at random from [N].
The weight of S € F is defined as w(S) =Y . gw(x). Then, with probability at
least 1 —n/N, there is a unique set S’ € F that has the minimum weight among
all sets of F.

Lemma 2 (Kane’s Identity [16]). Let f(x) = Z?:o c;x' be a polynomial of
degree at most d with coefficients c; being integers. Let Fy be the finite field of
order ¢ =p* > d+2. For 0 <t <d, define

Ty = Z 2 f(r) = —¢, €T,

z€F?

Then, ry =0 <= ¢ is divisible by p.
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Lemma 3 (Newton’s Identities). Let X1,...,X, be n > 1 variables. Let
Po(X1,...,X,) =Y 1 X™, be the m-th power sum and E,, (X1, ..., X,) be the

m-th elementary symmetric polynomials i.e. Ey,(21,...,2,) = Zl<j1<4..<jm<n X -
then o
M- B (X1, Xn) = 3 (1) Epi(X1,. 0, Xn) - Pi(Xy, . X))
i=1

Lemma 4 (Vieta’s formulas). Let f(x) = [[;_, (z—a;) be a monic polynomial
of degree n. Then, f(x) = Y7, c;z* where ¢,—; = (=1)"Ei(ay,...,a,),V1 <i <
n and ¢, = 1.

Lemma 5 (Polynomial division with remainder [22, Theorem 9.6]).
Given a d-degree polynomial f and a linear polynomial g over a finite field F,,,
there exists a deterministic algorithm that finds the quotient and remainder of f
divided by g in O(dlogp)-time.

Definition 2 (Order of a number mod p). The order of a ( mod p), denoted
as ordy(a) is defined to be the smallest positive integer m such that ¢™ =1 mod

p.

Note that when p is prime, ord,(a) is clearly finite since a’~' =1 mod p,
from Fermat’s Little Theorem. Emil Artin (1927, see [23]) conjectured that for
any non-square a € Z\{—1}, there exist infinitely many primes p such that a is a
primitive root modulo p, i.e. ord,(a) = p— 1. There has been impressive amount
of work done to understand behaviour and distribution of ord,(a) [24,25,26]. In
particular, we have the following.

Theorem 4 ([27]). There exists a O(p*/*+¢) time algorithm to determinstically
find a primitive root over .

Theorem 5 ([28]). For n > 25, there is a prime in the interval [n,6/5 - n).

Here is the most important lemma, which is an extension of [6, Lemma 4],
where the authors considered the simplest form. In this paper, we need the
extensions for the ‘robust’ usage of this lemma (in section 3).

Lemma 6 (Coefficient Extraction Lemma). Let A(z) = [[;c(, (1 + wh.
x%), for any non-negative integers a;,b and W € Z. Then, for a prime p >

t, one can compute coef,r(A(z)) mod p for all 0 < r < t, in time O((n
tlog(Wb))logp).

3 Proof of Theorem 1

We present an O(k(n + t))-time deterministic algorithm for outputting all the
hamming weight of the solutions, given a Hamming — &k — SSSUM instance

i.e. there are only at most k-many solutions to the SSUM instance (aq, ..., an,t) €
VA

X

Jm
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Proof of Theorem 1. We start with some notations that we will use through-
out the proof.

» Basic notations. Assume that the SSUM instance (aq,...,a,,t) € Z’;ﬁl has
ezactly m (m < k) many solutions, and they have ¢ many distinct hamming
weights wy, ..., wy; since two solutions can have same hamming weight, ¢ < m.
Moreover, assume that there are \; many solutions which appear with hamming
weight w;, for i € [f]. Thus, > ,c;q Ai =m < k.

» Choosing prime g and a primitive root u. We will work with a fixed ¢ in this proof,
where ¢ > n+ k + ¢ := M (we will mention why such a requirement later). We
can find a prime ¢ in O(n+k+t) time, since we can go over every element in the
interval [M,6/5- M], in which we know a prime exists (Theorem 5) and primality
testing is efficient [29]. Once we find ¢, we choose u such that p is a primitive
root over Fy, i.e. ord, () = ¢— 1. This p can be found in O((n+ k+1)*/4+¢) time
using Theorem 4. Thus, the total time complexity of this step is O(n +k+1).

» The polynomials. Define the k-many univariate polynomials as follows:

fir) = ] A +uia"),Vj € [K].

1€[n]
We remark that we do not know ¢ apriori, but we can find m efficiently.

Claim 1 (Finding the exact number of solutions). Given a Hamming —k—SSSUM
instance, one can find the exact number of solutions, m, deterministically, in
O((n+t)log(q)) time.

Proof. Use [6] (see Lemma 6, for the general statement) which gives a determin-
istic algorithm to find the coefficient of z* of [Licpn (1 +2) over Fy; this takes

time O((n + t) log(q)). O

Since we know the exact value of m, we will just work with f; for j € [m],
which suffices for our algorithmic purpose. Here is an important claim about
coefficients of z' in f;’s.

Claim 2. Cj = coefy: (fj(2)) = ;ciq Ai - p™*, for each j € [m].

Proof. It S C [n] is a solution to the instance with hamming weight, say w, then
this will contribute /* to the coefficient of ' of f;(z). Since, there are ¢ many
weights w1, ..., w, with multiplicity A1, ..., \s, the claim easily follows. a

Using Lemma 6, we can find C; mod ¢ for each j € [m] in O((n+tlog(u5)) log q)
time, owing total O(k(n+t)), since ¢ = O(n+k+t), u < ¢—1, and > jeim) 1087 =
log(m!) < log(k!) = O(k).

Using the Newton’s Identities (Lemma 3), we have the following relations,
for j € [m]:

J
By (p,..,p") = jl'(Z(_l)ZlEji N R & (uwl,u-,uw’f)) mod ¢.
=1
(1)
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we

In the above, by E;(u™, ..., "), we mean E; (™, ..., pu™t, p2, . 0™, .0

P

'7sz)7

A1 times A2 times A¢ times

and similar for P;. Since ¢ > k, j ~! mod ¢ exists, and thus the above relations

are valid. Here is another important and obvious observation, just from the def-
inition of P;’s:

Observation 1 For j € [k], C; = P; (p**,..., ") mod gq.

Note that we know Fy = 1 and P;’s (and j~! mod ¢) are already com-
puted. To compute E;, we need to know £, ..., E;_; and additionally we need
O(j) many additions and multiplications. Suppose, T'(j) is the time to compute
Ey,...,Ej. Then, the trivial complexity is T(m) < O(k*logq) + O(k(n + t)).
But one can do better than O(k?log ¢) and make it O(klogg) (i.e solve the re-
currence, using FFT), owing the total complexity to T'(m) < O(k(n +t)) (since
g=0Mn+k+1)).

Once, we have computed Ej, for j € [m], define a new polynomial

m
g(z) = (=1) - B (e, ., u™) -2 .
§=0
Using Lemma 4, it is immediate that g(z) = Hle(;v—uwi)’\i. Further, by defini-
tion, deg(g) = m. From g, now we want to extract the roots, namely p*?, ..., pu™¢

over F,. We do this, by checking whether (z — u*) divides g, for i € [n] (since

w; < n). Using Lemma 5, a single division with remainder takes O(klogq),
therefore, the total time to find all the w; is O(nklogq) = O(nk).

Here, we remark that we do not use the determinstic root finding or factoring
algorithms (for e.g. [30,31]), since it takes O(mg'/?) = O(k - (k + t)'/?) time,

which could be larger than O(k(n + t)).

» Reason for choosing ¢ and p. In the hindsight, there are three important prop-
erties of the prime ¢ that will suffice to successfully output the w;’s using the
above described steps:

1. Since, Lemma 6 requires to compute the inverses of numbers upto ¢, hence,
we would want ¢ > t.

2. While computing E;(u™*, ..., u"*) using Lemma 3 in the above, one should
be able to compute the inverse of all j’s less than equal to m. So, we want
q>m,.

3. To obtain w; from p™ mod ¢, we want ord,(p) > n (for definition see
Definition 2). Since, w; < n, this would ensure that we have found the
correct w;.

Here, we remark that we do not need to concern ourselves about the ‘large-
ness’ of the coefficients of C; and make it nonzero mod ¢, as required in [6]. For
the first two points, it suffices to choose ¢ > k + t. Since p is a primitive root
over F,, this guarantees that ord, (1) = ¢ —1 > n and thus we will find w; from
u*i correctly.

» Total time complexity. The time complexity to find the correct m,q and u
is O(n + k + t). Finding the coefficients of g takes O(k(n + t)) time and then
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finding w; from g takes O(nk log q) time. Thus, the total time complexity remains

O(k(n +1)). 0

Remark 1. The above algorithm can be extended to find the multiplicities A;’s
in O(k(n+t) + k%/?) time by finding the largest i, by binary search, such that
(z — p*i)* divides g(z). Finding each \; takes O(mlogqlog();)) time over F,,

for the same ¢ as above, since the polynomial division takes O(m logq) time and
binary search introduces a multiplicative O(log(A;)) term. Since, 3, log(A;) =

log (Hie[e] Az'), using AM-GM, [[;¢iqAi < (m/€)¢, which is maximized at ¢ =
vm < Vk, implying >icpglog(Ai) < O(Vklogk). Since, m < k, this explains
the additive k%/2 term in the complexity.

4 Proof of Theorem 2

In this section, we will present a low space algorithm for finding all the realis-
able sets for £k — SSSUM. Our low space algorithms build upon a fundamental
number-theoretic identity [16], and efficient sparse multivariate polynomial re-
construction [13].

Proof of Theorem 2. Here are some notations that we will follow throughout
the proof.

» Basic notations. Let us assume that there are exactly m (m < k) many realis-
able sets S1,..., S, each S; C [n]. We remark that for our algorithm we do not
need to apriori calculate m.

» The multivariate polynomial. For our purpose, we will be working with the
following (n 4 1)-variate polynomial:

f(x3y17'~~7yn) = H (1+y1xal) .
i€[n]
Since, we have a k — SSSUM instance (a1, ..., an,t), coefy:(f) has the following
properties.

1. It is an n-variate polynomial p;(y1,...,yn) with sparsity exzactly m.

2. pt is a multilinear polynomial in y, ..., y,, i.e. individual degree of y; is at
most 1.

3. The total degree of p; is at most n.

4. if S C [n] is a realisable set, then yg := [[,c g ¥i, is a monomial in p;.
In particular, the following is an immediate but important observation.

Observation 2 py(y1,---,¥n) = Dicpm) Vi -

Therefore, it suffices to know the polynomial p;. However, we cannot treat y;
as new variables and try to find the coefficient of ! since the trivial multipli-
cation algorithm (involving n + 1 variables) takes exp(n)-time. This is because,
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f(x,y1,...,y,) mod x!*! can have 2" -t many monomials as coefficient of x?,
for any ¢ < t can have 2" many multilinear monomials.

However, if we substitute y; = ¢; € F,, for some prime ¢, we claim that we
can figure out the value py(cy, ..., ¢, ) from the coefficient of 2t in f(z,cy,...,cp)
efficiently (see Claim 3). Once we have figured out, we can simply interpolate
using the following theorem to reconstruct the polynomial p;. Before going into
the technical details, we state the sparse interpolation theorem below; for sim-
plicity we consider multilinearity (though [13] holds for general polynomials as
well).

Theorem 6 ([13]). Given a black boz access to a multilinear polynomial g(z1, . . .

of degree d and sparsity at most s over a finite field F with |F| > (nd)®, there is a
poly(snd)-time and O(log(snd))-space algorithm that outputs all the monomials

of g.

Remark. We represent one monomial in terms of indices (to make it consistent
with the notion of realisable set), i.e. for a monomial x1x5z9, the corresponding
indices set is {1, 5,9}. Also, we do not include the indices in the space complexity,
as mentioned earlier.

» Brief analysis on the space complexity of [13]. Klivans and Spielman [13], did
not explicitly mention the space complexity. However, it is not hard to show
that the required space is indeed O(log(snd)). [13] shows that substituting z; =
ykl_1 mod P for some k € [2s?n] and p > 2s%n, makes the exponents of the new
univaraite polynomial (in y) distinct (see [13, Lemma 3]); the algorithm actually
tries for all k and find the correct k. Note that the degree becomes O(s*nd).
Then, it tries to first find out the coefficients by simple univariate interpolation
[13, Section 6.3] . Since we have blackbox access to g(ai,...,a,), finding out
a single coefficient, by univariate interpolation (which basically sets up linear
equations and solve) takes O(log(snd)) space and poly(snd) time only. In the
last step, to find one coefficient, we can use the standard univariate interpolation
algorithm which uses the Vandermonde matrices and one entry of the inverse of
the Vandermonde is log-space computable .

At this stage, we know the coefficients (one by one), but we do not know
which monomials the coefficients belong. However, it suffices to substitute z; =
kal_l mod p {Jsing this, we can find the the correct value of the first exponent
in the monomial. For eg. if after the correct substitution, y'° appears with
coefficient say 5, next step, when we change just xp, if it does not affect the
coefficient 5, y; is not there in the monomial corresponding to the monomial
which has coefficient 5, otherwise it is there (here we also use that it is multilin-
ear and hence the change in the coefficient must be reflected). This step again
requires univariate interpolation, and one has to repeat this experiment wrt each
variable to know the monomial exactly corresponding to the coefficient we are

“In fact Vandermonde determinant and inverse computations are in
TC® C LOGSPACE, see [32].

ZTn)
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working with. We can reuse the space for interpolation and after one round of
checking with every variable, it outputs one exponent at this stage. This requires
O(log(snd)-space and poly(snd) time.

With a more careful analysis, one can further improve the field requirement
to |F| > (nd)® only (and not dependent on s); for details see [13, Thm. 5 & 11].

Now we come back to our subset sum problem. Since we want to reconstruct
an n-variate m sparse polynomial p; which has degree at most n, it suffices to
work with |F| > n'2. However, we also want to use Kane’s identity (Lemma 2),
which requires ¢ > deg(f(z,c1,...,¢,)) + 2, and deg(f(z,c1,...,¢n)) < nt.
Denote M := max(nt+3,n'?). Thus, it suffices to we work with F = F, where ¢ €
[M,(6/5) - M], such prime exists (Theorem 5) and easy to find deterministically
in poly(nt) time and O(log(nt)) space using [29]. In particular, we will substitute
yi =ci €0, - 1].

Claim 3. Fix ¢; € [0,q — 1], where ¢ € [M, (6/5) - M]. Then, there is a poly(nt)-
time and O(log(nt)) space algorithm Wthh computes pt(ch ..., Cn) over Fg.

Proof. Note that, we can evaluate each 14-¢;z%, at some 2 = o € Fy, in O(log nt)
time and O(log(nt)) space. Multiplying n of them takes O(n log(nt))-time and
O(log(nt)) space.

Once we have computed f(a,c1,...,c,) over Fy, using Kane’s identity (Lemma 2),
we can compute pg(cq, ..., Cy,), since

pe(cry. . en) = — Z a0 (o e, )

o€l

As each evaluation f(a,cq,...,c,) takes O(nlog(nt)) time, and we need ¢ —
1 many additions, multiplications and modular exponentiations, total time to
compute is poly(nt). The required space still remains O(log(nt)). O

Once, we have calculated p;(cy, ..., c,) efficiently, now we try different values
of (¢1,...,cn) to reconstruct p; using Theorem 6. Since, p; is a n-variate at most
k sparse polynomial with degree at most n, it still takes poly(knt) time and
O(log(knt)) space. This finishes the proof. O

5 Conclusion

This work introduces some interesting search versions of variants of SSUM prob-
lem and gives efficient algorithms for each of them. This opens a variety of
questions which require further rigorous investigations.

1. Can we improve the time complexity of Theorem 27 Because of using Theo-
rem 6, the complexity for interpolation is already cubic. Whether some other
algebraic (non-algebraic) techniques can improve the time complexity, while
keeping it low space, is not at all clear.

2. Can we use these algebraic-number-theoretic techniques, to give a determin-
istic O(n + t) time algorithm for decision version of SSUM?

3. Can we improve Remark 1 to find both the hamming weights w; as well as
the multiplicities );, in O(k(n +t)) time?
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